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ABSTRACT 
This thesis first investigates various applications of the bi-directional evolutionary structural 
optimization (BESO) technique and then extends the technique to structural optimization 
problems with transient dynamic loading. The BESO technique allows material to be 
simultaneously removed from and added to a structure. Structural optimization is 
increasingly used in the design of structural systems such as buildings and vehicles. Shape 
and topology optimization of static problems using BESO has been extensively explored, 
while there is very limited research on topology optimization of transient dynamic problems. 
To begin with, a comprehensive literature review is carried out in order to understand the 
latest developments of the BESO technique and to identify the gaps in the research area. 
This is followed by applying the BESO technique to several case studies.  
The first application of the BESO method is the optimization of a footbridge that was 
initiated an architectural firm, BKK Architects, in Melbourne. Several optimal designs with 
different configurations have been obtained and discussed. The optimized footbridge in the 
form of a perforated tube is created with different cross-sectional configurations such as 
rectangular section and circular section. A demonstrative optimized circular twisted cross-
section design is cast in the laboratory. The prototype is cast with concrete where a 
reinforcing steel cage is put in the middle and steel fibers are added to provide more 
strength to the model. The circular prototype is assembled from six identical pieces 
connected using steel bolts.  
The second application of the BESO method is the optimization of a structure inspired by a 
deep-sea sponge. Nature never fails to fascinate researchers with its exceptionally 
multifunctional properties, the deep-sea sponge being an excellent example. The literature 
on physical properties of the deep-sea sponge is reviewed and a computer model of the 
deep-sea sponge is constructed. Several different loading conditions are applied to the deep-
sea sponge model such as pressure, twisting, bending and point loading. Topology 
optimization of the deep-sea sponge with different loading conditions is carried out to show 
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that the optimal designs achieved from the BESO method often bear striking resemblance to 
the real structure of the deep-sea sponge. 
Structures are frequently subjected to transient dynamic loading. Most structural 
optimization techniques are limited to static problems. This thesis takes on the challenging 
task of extending the current BESO technique to the topology optimization problem of 
structures under transient dynamic loading. For dynamic response problems, structural 
stiffness optimization is performed with the objective of reducing the mean compliance 
during the whole loading history. In this thesis, a prescribed number of strain energy peaks 
in its history are selected for optimization. This is to ensure the structure should achieve the 
stiffest design against the worst scenarios in the loading history, without having to consider 
every time-step of the transient analysis which would be prohibitively expensive 
computationally. Various numerical examples are tested in order to prove the effectiveness 
of the proposed approach. The results show that the final optimal solutions respond to the 
dynamic loading more smoothly than the original designs during the history, with the peak 
mean compliances significantly reduced.  
The findings presented in this thesis provide further evidence that the BESO technique can 
be used for the design innovation and improvement of various structural systems under 
both static and dynamic loading.  
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NOTATIONS 
α   element sensitivity; element sensitivity number; node sensitivity number 
ARmax  maximumadmissionratio  
C   mean compliance  
d   deflection, displacement 
E   Young’s modulus  
ER   evolutionary ratio  
f   objective function  
F   (virtual) load vector  
K   stiffness matrix 
k   modal stiffness  
Ω   subdomain 
M    total number of elements 
N   total number of elements in design domain 
ρ   mass density; element relative density 
P   applied load vector 
xi   ith design variable, element relative density  
xi,j   jth design variable in the ith unit cell 
rmin   filter radius  
rrmax   maximum volume removal ratio  
t   thickness of plate  
tol   convergence tolerance of objective function  
U   displacement vector  
u   element displacement vector; eigenvector  
V   structure volume; element volume  
v   Poisson’s ratio  
ω weighted factors 
Note: More specific items are defined based on the above terms with various subscripts 
implicating extended meanings. See definitions in the context whereas applicable. 
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Chapter 1 
 
INTRODUCTION 
 
 
1.1 Rationale of the Research 
Topology optimization has been extensively explored and studied over the past few 
decades and various optimization techniques have been developed. Bi-directional 
evolutionary structural optimization (BESO) method is one of the popular techniques 
widely used for topology optimization. The BESO technique allows material to be 
simultaneously removed from and added to structures.  
The applications of BESO technique to structural problems have received intense 
attention. This thesis explores several applications of stiffness optimization 
technique focussing on linear static problems, including footbridges designs and 
deep-sea sponge inspired models. Shape and topology optimization of static 
problems using BESO has been extensively explored, while there is very limited 
research on topology optimization of transient dynamic problems. Therefore, part of 
this research is focused on transient dynamic problems.  
The whole rationale of this thesis is to provide further evidence that the BESO 
technique can be used for the design innovation and improvement of various 
structural systems under both static and dynamic loading.  
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1.2 Aims  
The general aim of this research is to apply BESO technique to a series of engineering 
design problems and then extend the technique to structural optimization problems 
with transient dynamic loading. The aims are summarized as follow: 
• The investigation of various applications of the BESO method. Various static 
structural problems subjected to topology optimization are investigated and 
a prototype of the optimized design is constructed to demonstrate the ease 
of fabrication of the design generated. 
• The applications of the BESO technique to dynamic structural problems. Most 
structural optimization techniques are limited to static problems. This thesis 
extends the current BESO technique to the topology optimization problems 
of structures under transient dynamic loading. 
 
 
 
1.3 Potential Benefits 
A study to the bi-directional evolutionary structural optimization method and its 
practicability is important to expand the fundamental knowledge of optimum 
structure design and enhance industrial applications. The potential benefits of this 
research work expected to be identified in the following aspects: 
• The improvement of the practicability and confidence of bi-directional 
evolutionary structural optimization method as a design tool in industrials 
• The ability to apply BESO method to more complicated problems such as the 
dynamic loading problems. 
• The ability to provide an alternative for architects and engineers to create 
structures with different visions. 
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1.4 Outline of the Thesis 
This thesis is organized in seven chapters. A brief outline of each chapter is given 
below. 
1.4.1 Chapter 1 Introduction 
Chapter 1 introduces the topic, rationale of this research work and aims of the 
project, along with potential benefits that can be gathered upon completion of this 
research work. It also outlines the layout of the thesis. 
1.4.2 Chapter 2 Evolutionary Structural Optimization Techniques 
Chapter 2 is dedicated to a literature review on the research field that the present 
thesis tries to expand. Several types of well-known topology optimization techniques 
are reviewed with a particular focus on the bi-directional evolutionary structural 
optimization (BESO) method.  
1.4.3 Chapter 3 Previous Practical Applications using ESO/BESO Approach 
Chapter 3 introduces several examples of practical applications of structural 
evolutionary method (ESO/BESO). Though the evolutionary structural optimization 
method has reached certain degree of maturity, a limited number of practical 
projects were built on the method. Four examples demonstrating the usage of the 
ESO/BESO method in designing are discussed in this chapter: 
• Akutagwa River Side Project in Japan 
• Florence New Station Project in Italy 
• Qatar National Convention Centre in Qatar 
• Sagrada Familia Church in Spain 
 
1.4.4 Chapter 4 Topology Optimization for Footbridges 
Chapter 4 makes full use of BESO method in simulating footbridge designs. It 
demonstrates the practical application of bi-directional evolutionary structural 
optimization techniques in a proposed footbridge project carried out by BKK 
Architects who were commissioned to design a series of pedestrian bridges for a 
major metropolitan freeway in Australia. Several designs are simulated using BESO 
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method. A brief introduction to periodicity is also discussed at the beginning of this 
chapter. A physical prototype based on the circular periodic design is cast to further 
determine the practicability of BESO method. The author together with an architect 
from BKK Architects has carried out the prototype casting. Types of pedestrian 
bridges demonstrated in this chapter include: 
• Rectangular footbridge design with both ends fixed 
• Rectangular footbridge design with one end fixed and pinned at the other 
end pinned 
• Circular periodic footbridge design 
 
1.4.5 Chapter 5 Topology Optimization of Deep-sea Sponge Inspired Models 
Chapter 5 demonstrates the relationship between the structure of a natural habitat 
known as sea sponge with the optimal solution obtained from the BESO method, 
under similar boundary conditions and physical properties. Natural habitat exhibits a 
strong survival competence in order to cope with changes of the environment. 
Under the deep ocean, sea sponge experiences high-pressure, high underwater 
current and potential to be attacked by other natural habitats. This chapter is 
dedicated to the optimum solution obtained from BESO method that is similar to the 
sea sponge structure under the almost similar conditions. Several designs from 
different loading conditions are presented in this chapter.  
1.4.6 Chapter 6 Topology Optimization under Transient Dynamic Loading 
Chapter 6 deals with the optimum designs obtained from dynamic analysis through 
BESO method. Dynamic loading creates a challenge in obtaining an optimum design 
for the structure. In this chapter, the author proposes a different approach to 
obtaining optimum solution for dynamic analysis where a selected number of peaks 
of energy from time steps will be summed up and treated the summed energy as 
linear analysis.  
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1.4.7 Chapter 7 Conclusion  
Chapter 7 draws the conclusions of the current thesis and summarizes the outcomes 
from the author’s research project. Several recommendations and potential future 
work are also suggested at the end of the thesis 
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Chapter 2 
 
EVOLUTIONARY STRUCTURAL OPTIMIZATION 
TECHNIQUES 
 
 
Over the past few decades, topology optimization has been extensively explored and 
studied. Topology basically describes the spatial sequence of members and joints in a 
domain, as a subfield of geometry. Important literatures on topology can be found in 
a large number of publications such as (Alexandroff 1960; Hocking and Young 1961; 
Jäger 1980; Jänich 1996). Topology optimization changes the neighborhood relations 
of the topological domain and transforms the existing topology into another 
topology class, i.e. improves transformations into other topology classes and 
modifies the interrelations between the constitutive elements of a domain. Topology 
optimization is roughly divided into two types of problems, i.e. for discrete 
structures (or grid-like structures) and continuum structures respectively (Rozvany 
2001a). The research work on topology optimization for discrete structure has long-
dated history ever since the pioneering work over a century ago by Maxwell (1890) 
and Michell (1904) that concerned the layout optimization theory for thin bar 
structures such as truss. Topology optimization for continuum structure on the other 
hand, considers the structures to have large volume fraction, which means structural 
material occupies large portion of the available space. In common, these two types 
of optimization both involve the selection of the optimal topology. Although the 
basic meaning of topology implies improving the structural topology, the general 
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function is extended to other simultaneous operations of optimization such as 
improving sizes and shapes that can be found in publications such as (Rozvany et al. 
1995; Sigmund 2000; Bendsøe and Sigmund 2003). 
Various topology optimization techniques have been developed.  The evolutionary 
structural optimization (ESO) method is one of the popular techniques widely used 
for topology optimization. The main objective for the study of topology optimization 
is to find the distribution of materials for enhanced structural performances. 
The original ESO method is based on a heuristic concept that a structure evolves 
towards an optimum by slowly removing inefficient material (Xie and Steven 1993). 
Though a structure may evolve towards optimal shape and topology in the 
optimization process, one cannot guarantee that such an evolutionary procedure 
would always produce the best solution (Huang and Xie 2009). Due to the limitation 
of such an ESO algorithm, new algorithms known as the Bi-directional Evolutionary 
Structural Optimization (BESO) (Huang and Xie 2007) have been developed to further 
improve the ESO method. 
The original idea of ESO method is to remove inefficient material but once removed, 
the material would never return. The bi-directional algorithm allows for not only 
removal of inefficient material, but also for the addition of material (Querin et al. 
1998).  In the original BESO method, mesh dependency and non-convergent 
solutions have been issues affecting the final design produced. The introduction of 
the new BESO method overcomes the non-convergent and mesh-dependency 
problems (Huang and Xie 2007).  
This chapter provides an overview of ESO/BESO methods with clear explanations and 
the concepts for the most recent BESO methods, which will be applied throughout 
subsequent chapters.  
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2.1 Evolutionary Structural Optimization (ESO) Method 
The ESO method was first developed in early 1990s (Xie and Steven 1993) and has 
been continuously developed to solve a wide range of topology optimization 
problems (Huang and Xie 2010). It is important to have an overview of ESO method 
since the updated version of BESO method was based on the basic concept of ESO.   
The ESO method follows a logical procedure to reduce the structural weight (or 
volume) by gradually removing material until the constraint can no longer be 
satisfied or when potential optimal design has been reached, in which the material 
usage under a given performance constraint could be minimized (Huang and Xie 
2010). This ESO algorithm does not allow the removed elements to be recovered, 
even if they are needed in the later part of the design process. In a stress based 
design problem, where the stress level in any part of a structure can be determined 
by conducting a finite element analysis (Huang and Xie 2010), an element with lower 
value of stress (von Mises stress) is regarded as inefficient material and is to be 
removed. On the other hand, for a stiffness and displacement design problem, an 
element with lower strain energy is considered as inefficient material. 
The early work on ESO included stress design problems, stiffness and displacement 
problems as well as dynamic problems. The ESO method though is very handy and 
easy to be implemented in design process, it lacked theoretical rigor. Most of the 
early work on ESO neglected important numerical problems in topology optimization, 
such as existence of solution, checkerboard, mesh-dependency and local optimum, 
etc (Huang and Xie 2010). Several examples on the early work of ESO methods 
including stress design, stiffness and displacement design as well as frequency design 
problems are given below. Fig 2.1 shows a stress design problem, while Fig 2.2 shows 
a displacement design and Fig 2.3 shows a frequency design.  
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       (a)             (b) 
Fig 2.1 Michell type structure with two simple supports (optimization with von 
Mises stress criterion) (Xie and Steven 1993):  (a) Design domain; (b) Optimum 
design with RR of 25% (Huang and Xie 2010) 
 
(a)   (b) 
     (c)             (d) 
Fig 2.2 Short cantilever structure with displacement limit (Chu et al. 1996): (a) 
Design domain; (b) Optimal design for limit = 0.50mm; (c) Optimal design for limit = 
0.75mm; (d) Optimal design for limit = 1.00mm. 
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(a)      (b) 
Fig 2.3 Optimization of a rectangular plate under plane stress conditions for 
frequency design (Xie and Steven 1996): (a) Design domain; (b) Optimal design 
with material removal of 50% and frequency increment of 39.0%. 
All of the examples shown above are designed using the ESO method. The inability to 
recover deleted elements into the design is a huge turndown. The fact that deleted 
elements may be needed in the later part of design caused the design to have not 
achieved optimum. Therefore, the introduction of updated ESO method that allows 
element to be recovered in the final design is needed. The much-improved algorithm 
that is able to overcome the deficiencies of the ESO method is known as bi-
directional evolutionary structural optimization (BESO) (Huang and Xie 2010). 
 
 
2.2 Bi-directional Evolutionary Structural Optimization 
The quest to decrease time taken to produce an optimum structure and to increase 
the reliability of the method at finding the optimum structures leads to the 
development of bi-directional evolutionary structural optimization (BESO) (Young et 
al. 1999). BESO method allows material to be removed and added simultaneously 
(Huang and Xie 2010), allowing designs to reach potential optimum level. The initial 
BESO research was based on stiffness optimization (Yang et al. 1999) and the 
sensitivity numbers of the void elements are estimated through a linear 
Chapter 2 Evolutionary Structural Optimization Techniques 
 
 
11 
 
extrapolation of the displacement field after the finite element analysis, where solid 
elements with lowest sensitivity numbers are removed from the structure and void 
elements with highest sensitivity numbers are converted into solid elements (Huang 
and Xie 2010). The numbers of removed and added elements in each iteration are 
determined by the rejection ratio (RR) and the inclusion ratio (IR) respectively.  
The earlier versions of BESO method were unable to ensure optimum design reached 
but Huang and Xie (2010) made significant improvements to the BESO algorithms. 
There are several aspects leading to the inability of previous BESO versions to reach 
optima: non-convergence, mesh-dependency and lack of mathematical explanations 
and detailed theoretical driven approach. Originally elements with lower von Mises 
stresses are removed and void elements near the highest von Mises stress regions 
are switched on as solid elements (Huang and Xie 2010), but this procedure could 
lead to non-optimal solutions, caused by the difficult selection of rejection ratio and 
inclusion ratio to obtain good results. Non-convergent solution is another drawback 
for earlier versions of BESO. The solution may be worse and worse in terms of the 
objective function, e.g. compliance, if the BESO procedure continues without 
stopping (Huang and Xie 2007). Due to the large number of iterations generated, to 
choose the best solution is not an easy task. Furthermore, mesh-dependent solution 
proved to be another problem of previous BESO versions. The reason is that, with 
different mesh densities, the introduction of more holes without changing the 
structural volume will generally increase the efficiency of a given design (Sigmund 
and Petersson 1998). This effect is regarded as a numerical instability where a large 
number of holes appear when a finer finite element mesh is employed and it is 
termed as mesh-dependency (Huang and Xie 2010). The dense hole observed in the 
design is often known as checkerboard pattern. Checkerboard patterns are quite 
common in various finite element based structural optimization techniques (Li et al. 
2001). Checkerboard patterns are very impractical and make the structure’s 
manufacturing difficult. Figure 2.4 shows a typical checkerboard pattern in the ESO 
method. To overcome mesh-dependency problems, several algorithms have been 
proposed such as perimeter control and smoothing algorithm. Through perimeter 
control, mesh independence can be suppressed by bounding the structural 
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perimeter with a sufficiently low value, leading to local minima and convergence 
with respect to the finite element discretization can be achieved (Yang et al. 2003). 
However, predicting or selecting an appropriate value of the perimeter length for a 
new design can be a difficult task (Huang and Xie 2010) and smoothing algorithm 
cannot overcome mesh-dependency problem. Therefore, a filter scheme has been 
introduced in BESO method that acts to suppress the checkerboard patterns and 
works for mesh-independence.  
 
 
 
 
 
 
Fig 2.4 Typical checkerboard pattern in ESO method 
In order to overcome all the shortcomings identified, a refined BESO algorithm with 
a solid mathematical background has been proposed by Huang and Xie (2007; 2009; 
2010). The new soft-kill BESO method replacing the original hard-kill BESO method, 
utilizing the material interpolation scheme with penalization, where soft-elements 
superseded void elements. As mentioned earlier, a filter scheme is also one of the 
major components in this new algorithm.  
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2.2.1 Optimization Problem Statement 
The notation of optimization implies that there are functions that can be improved 
and be used as a measure of effectiveness of the design. Objective function, denoted 
by F(x) while being optimized measures the effectiveness of the design. The 
objective functions might be formulated with single objective or might be a 
formulation of several combined objectives, such as the mean compliance for 
stiffness optimization of frequency optimization. A general optimization problem is 
formulated in the following function: 
F(x) = f(x1,x2,x3,…,xn)      (2.1) 
The change in design variables reflects the changing of topology optimization and 
therefore in optimization techniques, design variables are defined infinitely to 
describe the material distribution over the structure design domain.  
 
 
2.2.2 Hard-kill and Soft-kill BESO 
The main difference between hard-kill BESO method and soft-kill BESO method is 
that for hard-kill, inefficient element is eliminated and deleted while for soft-kill 
BESO, elements deleted (void elements) are replaced by soft elements (low density) 
instead of deleted as void elements. Roszany and Querin (2008) suggested a 
Sequential Element Rejection and Admission (SERA) method combining with the 
rigorous optimality criteria where the voild elements were replaced by soft elements 
with a very low density.  
Huang and Xie (2009) developed a new BESO algorithm utilizing the material 
interpolation scheme and the design variables are restricted to discrete values 1 and 
xmin (e.g. 10
-3) which corresponds to solid and soft elements respectively. Such 
technique is termed soft-killing of elements and the biggest advantage of this 
method is that inefficient materials from design domain remained available (never 
removed) and hence, information of soft elements could be obtained easily via finite 
Chapter 2 Evolutionary Structural Optimization Techniques 
 
 
14 
 
element analysis for further sensitivity calculation. Through this technique, optimal 
designs are believed to be achieved. 
It is noted that the hard-kill BESO method is a special case of the soft-kill BESO 
method (Huang and Xie 2010). Soft-kill method is built upon the heuristic basic of 
hard-kill method and the intrinsic relationship between the two methods explained 
the similarity of solutions in some of the examples. Numerical example for stiffness 
optimization problem indicates that both optimal designs generated by soft-kill 
method and hard-kill method are equivalent to each another. Figure 2.5(a) shows 
the optimal design of cantilever beam generated by hard-kill method and Figure 
2.5(b) shows the optimal design of cantilever beam generated by soft-kill method. As 
clearly shown, both hard-kill and soft-kill method produced similar optimal design in 
stiffness problem. The difference in computational time makes hard-kill method 
more preferable due to the deleted elements being excluded from finite element 
analysis (Huang and Xie 2010). Concentrated work amount has been carried out to 
study stiffness problem but lesser research in frequency (dynamics) problem. It is 
suggestive to start off with soft-kill method first for dynamics problem before 
exploring the possibility of establishing a corresponding hard-kill approach. This is 
mainly due to the inability of hard-kill method is to find justification. The 
effectiveness of hard-kill approach depends on the optimization problem (Huang and 
Xie 2010).   
 
 
 
  (a)       (b) 
Figure 2.5 Optimal design of for stiffness problem: (a) Hard-kill approach; (b) soft-
kill approach with p=3.0.  
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2.2.3 Sensitivity Analysis 
2.2.3.1 Sensitivity Analysis for Soft-kill and Hard-kill methods 
Topology optimization is often aimed at searching for the stiffest structure with a 
given volume of material (Huang and Xie 2010). The elements are treated as design 
variables, rather than their physical parameters. For the hard-kill BESO method, 
exact value of binary design variables, 1 for solid (presence) element and 0 for void 
(absence) element are implemented. The sensitivity for solid element is seen as the 
change of objective function (mean compliance) when an element is being removed.  
On the other hand, for the soft-kill BESO method, no element is completely removed 
(void element is not equal to 0), and design variables for solid element is 1 while 
design variable for soft element is xmin. The major difference between hard-kill and 
soft-kill BESO methods is that in the soft-kill approach, sensitivity for both solid and 
void (soft) elements could be obtained due to the complete (no deleted element) 
model. 
In order to further identify difference between hard-kill and soft-kill methods, 
numerical approach has been developed, as discussed below. The mean compliance 
(objective function) is taken as: 
 C = u       (2.2) 
where f and u are the applied load and displacement vectors. When a solid element 
is removed from a structure, the change of the mean compliance or total strain 
energy is equal to the elemental strain energy (Chu et al. 1996). This change is 
defined as the elemental sensitivity number: 
  = Δ  =       (2.3) 
where ui is the nodal displacement vector of the ith element, Ki is the elemental 
stiffness matrix (Huang and Xie 2010). This type of sensitivity number has been 
widely used in hard-kill ESO/BESO method, where the objective function is 
developed due to complete removal of inefficient materials. 
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For soft-kill approach, the derivative of stiffness matrix Kiis calculated based on its 
relation with ith design variable, where both solid and void (soft) sensitivity number 
could be generated and this is different with hard-kill approach, where derivative 
stiffness matrix in ith design variable implies the total removal of ith element. In 
order to demonstrate soft-kill BESO approach, numerical example to minimize 
structural volume with a displacement or compliance constraint will be documented 
hereinafter. 
 
 
2.2.3.2 Minimizing Structural Volume with a Displacement or Compliance Constraint 
The main objective in this optimization problem is to save material in structure and 
the constraint is imposed on the mean compliance or the displacement (Huang and 
Xie 2010). The topology optimization problem based on finite element analysis is 
expressed as 
 Minimize V =  
 Subject to : u =       (2.4) 
 Xi = xminor 1 
whereuj and   denote the jth displacement and its constraint, respectively, and N is 
the total number of elements in the design domain. The above optimization problem 
is similar to the problem stated in equation (2.2), where the mean compliance is 
minimized subject to a given structural volume. 
In order to solve the above topology optimization problem, the displacement 
constraint is added to the objective function by introducing a Lagrangian multiplier λ, 
where the modified objective function is expressed by 
 f1(x) =   + λ (  - )     (2.5) 
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The Lagrangian multiplier is employed to have the structure with a compromise 
between the objective function and the displacement constraint (Huang and Xie 
2010). A further sensitivity analysis is carried out to determine the sensitivity 
number of the problem. The derivative of above function is  
  =  + λ ( )      (2.6) 
Where   = -p      (2.7) 
In order to calculate   , a virtual unit load fj, in which only the corresponding jth 
component is equal to unity and all other components are equal to zero is 
introduced.  
By substituting equation (2.7) into equation (2.6), the derivative (Sensitivity) of 
modified function is  
  =  =      (2.8) 
In the bi-directional evolutionary structural optimization method (BESO), a structure 
can be optimized by removing or adding elements, which means two discrete values 
will be used, xmin for soft elements and 1 for solid elements. Therefore, the sensitivity 
numbers for solid and void (soft) elements are expressed explicitly as  
  =     (2.9) 
 
 
2.2.4 BESO Filter Scheme (Mesh-independence) 
Mesh-dependency is a big downside of early versions of the BESO method and raises 
significant attention to seek a solution in order to deal with it. When a continuum 
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structure is discretized using low order bilinear (2D) or trilinear (3D) finite elements, 
the sensitivity numbers could become C0 discontinues across element boundaries, 
which leads to checkerboard patterns in the resulting topologies (Huang and Xie 
2010). The presence of checkerboard patterns in design causes inaccuracy in final 
‘optimal’ design and generates difficulty in manufacturing the outcome. Several 
techniques have been proposed and investigated in order to mesh-dependencies 
problems, such as a simple smoothing scheme of averaging the sensitivity numbers 
of neighboring elements (Li et al. 2001), the perimeter control method and 
sensitivity filter scheme. However, most of the previous techniques proposed could 
not properly eliminate the mesh-dependencies problem. Perimeter control though is 
capable of obtaining mesh-independent solution but the predicting or selecting an 
appropriate value for perimeter length is a difficult task and thus, making it illogical. 
Huang and Xie (2007) proposed a filter scheme into the BESO method, which is 
documented hereinafter, deals properly with mesh-dependencies problem.  
In order to avoid the mesh-dependency problem, before applying the filter scheme, 
nodal sensitivity numbers which do not carry any physical meaning on their own are 
determined by averaging the element ones connecting to the node as follows: 
 =       (2.10) 
where M denotes the total number of elements connected to the jth node. ωiis the 
weight factor of the ith element and = 1. ωi can be defined by 
  = (1 -       (2.11) 
where  is the distance between the centre of the ith element and the jth node. 
The above weight factor indicates that the elemental sensitivity number has larger 
effect on the nodal sensitivity number when it is closer to the node (Huang and Xie 
2010). 
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The nodal sensitivity numbers in equation (2.10) will then be converted into 
smoothed elemental sensitivity numbers and this conversion takes place through 
projecting nodal sensitivity numbers to the design domain where a filter scheme is 
introduced complete the whole process. The improved sensitivity number of the ith 
element is expressed as 
  =       (2.12) 
Where K denotes the total number of nodes in the sub-domain Ωi, and ω( ) is the 
linear weight factor defined as  
 ω( ) = rmin – rij (j = 1 , 2 , … , K)   (2.13) 
The filter shown above has a length scale rminthat does not change with mesh 
refinement. The primary role of the scale parameter rmin in the filter scheme is to 
identify the nodes that will influence the sensitivity of the ith element (Huang and 
Xie 2010). Figure 2.6 shows visualization of a circle of radius rmin that is centered at 
the centroid of the ith element, generating a circular sub-domain Ω.  
 
 
 
 
 
 
Figure 2.6 Circular sub-domain Ω, where a circle of radius rmin centered at the 
centroid at ith element, used in the filter scheme (Huang and Xie 2010) 
It can be seen that the filter scheme proposed smoothed the sensitivity numbers in 
the whole design domain and therefore the sensitivity numbers for void elements 
could be automatically obtained. Theoretically, based on the above process, some of 
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the void elements could be assigned with high sensitivity numbers due to the 
existence of solid elements within the sub-domain Ω and hence; those void elements 
with higher value sensitivity numbers may be switched to solid elements in the next 
iteration.  
The proposed filter scheme does not consider the element status (void or solid), and 
the initial sensitivity number for void elements is set to zero (Huang and Xie 2010). 
By utilizing the proposed filtering technique, non-zero sensitivity numbers for void 
elements could be obtained by filtering with neighboring solid elements (where 
sensitivity numbers is not zero). Through this process, the void elements could be 
ranked together with solid elements based on their structural importance.  
By adopting this simple technique, many numerical problems in topology 
optimization, such as checkerboard and mesh-dependency, can be effectively 
overcome (Huang and Xie 2010). Figure 2.7 shows an example of mesh-independent 
design. It is also noted that in hard-kill approach, when the filter radius is set to be 
smaller than half the size of an element, the adding of elements in hard-kill BESO will 
be disabled and this diverted the BESO method into ESO method.  
 
 
 
 
(a) 
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   (b)     (c) 
 
 
 
   (d)     (e) 
Figure 2.7 Mesh-independent example with different meshing sizes (short 
cantilever optimized for stiffness): (a) Design domain; (b) 32x20; (c) 80x50; (d) 
160x100; (e) 24x150 (Huang and Xie 2007). 
 
 
2.2.5 Stabilization of Evolutionary Process 
The BESO algorithm proposed using sensitivity numbers could still struggle from 
achieving converged solution. The reason for this non-convergence to occur is that 
the sensitivity numbers are of the solid (1) and void (0) elements are based on 
discrete design variables of element presence (1) and absence (0) (Huang and Xie 
2010). An effective way to solve this problem, as proposed by Huang and Xie (2007), 
is by averaging the sensitivity number with its historical information. The simple 
history-averaging scheme is expressed by 
  =        (2.14) 
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where k is the current iteration number,  and  is the sensitivity numbers of 
current and previous iterations respectively. Then let  =  which will be used for 
the next iteration. Figure 2.8 shows the effect of averaging scheme for stiffness 
optimization. By applying the averaging scheme, a far more stabilized solution could 
be achieved, as shown in Figure 2.8(b). Comparing with solution from Figure 2.8 (a), 
the new solution is highly stable in both the topology and objective function, though 
the search path of the BESO algorithm will be affected. However, the effect will be 
minimal to the final solution when it becomes convergent.   
 
 
 
 
 
(a) 
 
 
 
 
 
(b) 
Figure 2.8 Comparison of evolution histories: (a) without the stabilization scheme; 
(b) with the stabilization scheme. 
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2.2.6 Element Removal/Addition and Convergence Criteria 
In BESO method, the volume of structure changes from iteration to iteration and 
gradually evolves towards volume constraint. Before elements are removed from or 
added to the current design, the target volume for the next iteration (vk+1) needs to 
be given first (Huang and Xie 2010). The targeted volume can be greater or smaller 
than the current volume (initial volume), depending on the current volume and the 
volume constraint imposed (if any). The target volume will be increased or decreased 
in each iteration step by step until the constraint volume is achieved. The evolution 
of the volume can be expressed by 
 Vk+1 =Vk (1  ER)  (K = 1, 2, 3, …)    (2.15) 
whereVk+1 and Vk are the target volume and current volume of the kth iteration. ER is 
the evolutionary volume rate. The plus minus sign indicates that the materials could 
be increased or decreased. Once the volume constraint is satisfied, the volume of 
the structure will be kept constant for the remaining iterations, expressed by 
 Vk+1 = V
*       (2.16) 
Where V* is the satisfied volume constraint (objective volume). 
After the objective volume has been satisfied, the sensitivity numbers of all elements, 
both solid and void, are calculated, where the elements are ranked according to the 
values of their sensitivity numbers (Huang and Xie 2010), from highest to the lowest. 
Elements with high sensitivity number should be re-admitted to the design while 
elements with low sensitivity number should be removed. This simply leads to the 
assumption that more strength should be added to the solid elements while the 
strength of void elements should be reduced.  
A threshold sensitivity number is then introduced and calculated. Solid element (1) 
with sensitivity number lower than the threshold sensitivity number will be deleted 
(switched to 0), expressed by 
 αi ≤       (2.17) 
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 While void elements (0) with sensitivity numbers higher than the threshold 
sensitivity number will be added (switched to 1), expressed by 
 αi>        (2.18) 
where  and  are the threshold sensitivity number for removing and adding 
elements, and  is always less than or equal to  . Both adding and removing 
threshold sensitivity numbers could be calculated in a simply way. The first step is to 
take that , , and αthis equivalent, such that αth can be easily determined by 
. For example, for a problem with 1000 elements in the model, the sensitivity 
numbers will be sorted out as α1> α2> α3> ... > α1000. In order to fulfill objective 
volume of the final design ( ), say 725 solid elements, then αth= α725. 
The second step is to calculate volume addition ratio (AR), which is defined as the 
number of added elements divided by the total number of elements in the design 
domain (Huang and Xie 2010). The maximum volume addition ratio (ARmax) is 
introduced to ensure that not too many elements are added in a single iteration as 
this may violates the gradual evolutionary process. If AR ≤ ARmax, the volume 
addition ratio is in satisfactory condition. If AR >ARmax,  and  will need to 
be recalculated. To calculate , the sensitivity number of void elements (0) has 
to be sorted first. The number of elements to be switched from 0 to 1 will be equal 
to ARmax multiplied by the total number of elements in the design domain, where 
 is the sensitivity number of the element ranked just below the last added 
element. The process is then continued by determining  so that the removed 
volume is equal to (Vk – Vk+1 + the volume of the added elements). 
The iterative procedure (cycle of finite element analysis and element 
removal/addition) continues until the objective function (objective volume) is 
reached and satisfied convergence criterion shown below; 
 Error =   ≤ τ    (2.19) 
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Where k denoted the current iteration number, τ is the allowable convergence 
tolerance and N is an integer number that determines the accuracy of convergence. 
Figure 2.9 shows an example which considers the stiffness optimization design of a 
cantilever beam under concentrated loading. 
        (a)             (b) 
       (c)          (d) 
      (e)          (f) 
Fig 2.9 Evolutionary process of a cantilever beam optimized for stiffness (Huang 
and Xie 2007): (a) 15
th
 iteration design; (b) 30
th
 iteration design; (c) 45
th
 iteration 
design; (d) 60
th
 iteration design; (e) 69
th
 iteration design; (f) final design. 
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It is noted that the new element removal and addition scheme ranks all elements 
(void and solid) together, which means that all elements remain in the structure 
throughout the optimization process. While for the previous BESO method, elements 
for removal and addition are treated differently and ranked separately, which is 
illogical.  
 
2.2.7 Basic BESO Procedure – Summary  
A general evolutionary iteration procedure for BESO approach can be briefly 
explained in the following steps to draw a summary for the previous sections 
described.  
1. Discretize the design domain using a finite element mesh and assign initial 
property values (0 or 1) for the elements to construct an initial design. 
2. Perform finite element analysis on the current design. Then, calculate the 
elemental sensitivity number according to Equation (2.12). 
3. Perform filter scheme on the design and average the sensitivity number with 
its history information using Equation (2.14). Save the resulted sensitivity 
number for the next iteration. 
4. Determine a threshold (target volume) for element removal/addition using 
Equation (2.15). Remove elements with sensitivities below the threshold and 
re-admit elements with sensitivities higher than threshold as described in 
Section 2.2.6. 
5. Check convergence criterion. 
6. Repeat steps 2 to 5 until the constraint volume ( V*) is achieved and the 
convergence criterion is satisfied. 
Figure 2.10 shows the flowchart of the BESO method (Huang and Xie 2010). The 
BESO algorithm is programmed in Visual Fortran and integrated with Abaqus 
software that functioned as an FEA (Finite Element Analysis) tool. 
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Fig 2.10 Flowchart of the BESO method 
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Chapter 3 
  
PREVIOUS PRACTICAL APPLICATIONS USING 
ESO/BESO APPROACH 
 
 
This chapter provides several examples of practical applications of the ESO/BESO 
method. Though ESO/BESO method has reached a certain level of maturity only, 
limited amount of practical work has been done. Therefore, more research effort 
should be directed towards improving the practicability of the ESO/BESO method to 
practical design problems and making the technology easily accessible to practicing 
engineers, architects and others.  
 
 
3.1 Introduction 
The practicability of ESO/BESO methods has raised some concerns among engineers, 
architects and those who are directly or indirectly related to structural designs. As 
ESO/BESO methods evolved into a relative matured level, such that checkerboard 
patterns and other problems encountered by previous versions of ESO/BESO 
methods are resolved, many people are still uncertain of the practicability of 
ESO/BESO methods. One important consideration of any topology optimization 
technique is the manufacturability of the obtained solution (Huang and Xie 2010). 
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Some of the early results involving ESO/BESO methods are impractical, where details 
of designs are too difficult to interpret (almost impossible to fabricate) and too costly. 
ESO/BESO uses finite elements to model a structure, as in many other numerical 
methods of topology optimization. The downside of modeling with finite elements is 
that the topology results generated from ESO/BESO have jagged edges in the final 
finite element model of the optimal design. The problem can be easily solved by 
smoothing the jagged edges using various image processing techniques such as 
spline fitting of boundary curves and surfaces for the purpose of practical application 
(Huang and Xie 2010). The smoothing technique is linked to the ESO/BESO computer 
code and works easily to smooth the optimal design generated from a finite element 
mesh. Fabricating the model (final optimal design) is essential to prove the 
generated optimized results (after smoothing) in details. Using a 3D printer is one of 
the ways to complete the fabrication. By using a 3D printer, the fabrication of 
prototype could be done easily. With the advent of rapid prototyping techniques 
(Dimitrovet al. 2006), complicated topologies (models) could directly be printed from 
computer models using 3D printers. 3D printing is able to produce structural details 
point-by-point or layer-by-layer. Besides the 3D printing techniques that are 
currently still limited to relatively smaller sized structures, full sized structures 
designed by ESO are presented in this chapter.There are four case studies presented 
hereafter on practical applications of ESO/BESO methods, where the structures were 
designed using ESO/BESO techniques. Note that the following case studies discussed 
are either constructed structures (or in construction phase) or conceptual designs. 
The first case study (Akutagwa River Side Project in Japan) is a completed building 
designed based on ESO/BESO method. The second case study (Florence New Station 
Project in Italy) was an entry in an international competition to design a new station. 
The third case study (Qatar National Convention Centre in Qatar) is a project 
completed this year. The third case study (SagradaFamília Church in Spain) shows the 
similarity between Gaudí’s design and optimal design produced using ESO/BESO 
techniques.  
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3.2 Akutagwa River Side Project in Japan 
As ESO/BESO methods evolve towards maturity, popularity in applying this unique 
into structural design aroused. This technique not only generated optimized 
structural shape but also generating aesthetic view at the same time. The BESO 
method introduced the addition procedure in the evolutionary process, which differs 
from original ESO method where only rejection procedure was applied.  
Architects in Japan therefore applied ESO/BESO approach into their structural 
designs. Figure 3.1 shows the completed office building designed using an extended 
ESO method. It has been planned at the site along the shopping arcade, which runs 
from the north front of Takatsuki JR Station in Japan (Ohmori et al. 2005). The 
building has been completed in April 2004.  
 
 
 
 
 
 
 
 
 
Figure 3.1 Perspective View (Ohmori et al. 2005) 
Loading condition used to generate the wall design was shown in Figure 3.2, where 
P1 shows the vertical loading including dead loads of the structural components and 
all kinds of dressing materials while loading Q1 corresponds to the earthquake 
loadings in which the effect of dynamic loading (side to side) also taken into 
consideration (Ohmori et al. 2005).  
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Figure 3.2 Loading conditions (Ohmori et al. 2003) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 3.3 Evolutionary process of south wall 
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Figure 3.3 shows the evolutionary process of building façade (South side) using 
extended BESO method. Based on the evolutionary process, it is clearly seen that the 
South wall form has been changed throughout the evolutionary process where 
certain areas with low density of von Mises’s relative stress were deleted and the 
addition of elements on area where necessary.  In addition, the slabs for every floor 
were treated as ‘non-design’ domain where no elements were to be deleted from 
the slab. This structural evolutionary method was applied to both West and North 
walls as well. The east side of the wall remained solid without applying BESO method. 
Figure 3.4 shows several photos of building after completion. 
     (a)      (b) 
(c)      (d) 
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    (e)                   (f) 
Figure 3.4 Photos of the building after completion (Huang and Xie 2010): (a) second 
floor inside view; (b) second floor (different view); (c) first floor inside view; (d) 
ground floor outside view; (e) west side view; (f) west-south view (Ohmori et al. 
2005) 
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3.3 Florence New Station Project in Italy 
This project was an entry in an international competition to design a new station in 
Florence, Italy (Mutsuro et al. 2005). This design used the same technique (BESO 
method) as proposed in Akutagwa River Side Project (Japan), in collaboration with 
the renowned Japanese architect ArataIsozaki. This spectacular piece of design was 
shown in Figure 3.5.  
 
Figure 3.5 Perspective view of proposed Florence New Station (Cui et al. 2003; 
Architect: A. Isozaki) 
Using the extended evolutionary structural optimization method, having 400 meters 
in length, 40 meters in width and 20 meters in height, created this enormous flux 
structure. The complex facilities were planned in the huge space underneath the 
upper deck of uniform thickness (Huang and Xie 2010). The initial design of this 
structure showed a deck with legs simply supported and was evolved into the final 
organic structure, through the evolutionary optimization process.  
Images in Figure 3.6 show the evolutionary process of the design, which provide 
insightful glimpse into how the BESO method worked in the design. Several design 
constraints were imposed in this project; the upper surface of the roof top was kept 
flat constantly and two supporting points were being placed along its length with a 
span of 100 meters. The final optimal solution obtained was completely different 
from the initial structural design concept.  
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Figure 3.6 Evolution of Florence New Station structure (Cui et al. 2003) 
Sasaki (2007) commented on this piece of structure (shown in Figure 3.5), stating 
that ‘the structural elements were optimally formed within a three-dimensional 
space while satisfying the given design conditions, and the resulting structural shape 
manifests maximum mechanical efficiency with a minimum use of materials.’ It is 
worth noting that to bring forward this complicated design into constructible 
structure required high level of skills and ingenuities. Therefore, Sasaki also 
presented detailed designs for the tree trunk-like legs and the top deck using steel 
pipes, pre-stressing rods, steel plates, wire mesh, and concrete (Huang and Xie 2010).  
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3.4 Qatar National Convention Centre in Doha, Qatar 
The design discussed hereinafter is a design for the entrance to a convention centre 
in Doha, Qatar. Isozaki, Sasaki and their coworkers used extended evolutionary 
structural optimization (ESO) approach in designing this proposal.  The evolutionary 
process is similar to the above few examples discussed. This proposal eventually 
grabbed attention from the panels and was deemed the winning design. The 
construction of this design is still on-going and is expected to open its door by 2011. 
Figure 3.7 shows the perspective views of this spectacular piece of design (Qatar 
Convention Centre). 
 
 
 
 
 
 
(a) 
 
 
 
 
 
(b) 
Figure 3.7 Perspective views of Qatar Convention Centre; (a) Expected view upon 
completion; (b) model in finite element package (Sasaki 2007) 
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This enormous flux structure was 250 meters in length, 30 meters by width and 20 
meters by height. Sasaki (2007) presented in detail the evolutionary process of this 
design and potential sequence of assembly. The evolutionary process could be seen 
in Figure 3.8 (Sasaki 2007). 
Figure 3.8 Evolutionary process for proposed Qatar Convention Centre (steps to 
produce final optimal design) (Sasaki 2007) 
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Several images also dedicated to shown plan view and elevation view in Figure 3.9.  
(a) 
(b) 
Figure 3.9 Images of design models: (a) Plan view; (b) Elevation view (Sasaki 2007) 
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3.5 Sagrada Família Church in Spain 
Researchers in RMIT Innovative Structures Group and Spatial Information 
Architecture Laboratory carried out an investigation project in 2004. The objective of 
this work was to explore opportunities for closer collaboration between architects 
and engineers (Huang and Xie 2010). The team conducted a study on Antoni Gaudí’s 
Sagrada Família Church in Barcelona, Spain, shown in Figure 3.10.  
 
 
 
 
 
 
 
 
 
 
Figure 3.10 SagradaFamília Church, Spain 
(http://www.gaudidesigner.com/uk/sagrada-familia.html) 
In Gaudí’s architectural design, the use of funicular systems is well known. The 
Passion Façade of the SagradaFamília church was one of the interests of research in 
this case study. Gaudí’s reference to natural growth and morphogenesis and his use 
of analogue modeling techniques had much in common with the basic concepts of 
ESO/BESO (Huang and Xie 2010). Partially completed construction of Passion Façade 
was shown in Figure 3.11. 
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Figure 3.11 Construction of Passion Façade of SagradaFamilia Church (Burry et al. 
2005) 
Burry et al. (2005) carried out a series of studies which revealed the remarkable 
similarities between Gaudí’s designs and ESO solutions (Huang and Xie 2010). The 
first study that has been carried out by the team was to find a structure that would 
be in compression. The nave columns of SagradaFamília Church with branching 
elements at the upper level came to the interest. As shown in Figure 3.12, the 
original block has two non-design zones defined for the waists of the columns (Burry 
et al. 2005). The top and bottom surfaces were both horizontal and the bottom 
surface was fixed to ground while the top surface was subjected to uniformly 
distribute vertical load (Huang and Xie 2010). It was then underwent evolutionary 
process where the shape is determined by iterative removal of the least stressed 
materials. The final design has the columns branched out at the top like trees, which 
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is very similar to Gaudí’s original design for the nave columns, as shown in Figure 
3.13. 
Figure 3.12 Evolutionary process of columns on horizontal surface with uniformly 
distributed vertical loading on top surface (Burry et al. 2005) 
Figure 3.13 Nave columns of SagradaFamília Church, where the branching of 
columns on top very akin to Figure 3.12 (Burry et al. 2005) 
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The second study that was carried out by Burry et al. 2005 was columns mounted on 
the upper level of the Passion Façade. This study focused on the inclination and 
general form columns in the inclined colonnade in the upper section of the Passion 
Façade and subsequently the lower columns supporting the porch with the 
crucifixion scene and colonnade above (Burry et al. 2005). Three model prototypes 
as shown in Figure 3.14, were developed from study of Gaudí’s original drawing and 
use of intersecting ruled surfaces by the consultant architect to the SagradaFamília 
church, Professor Mark Burry, without any input or influence from the ESO 
researchers (Huang and Xie 2010). In order to compare the similarities between the 
columns developed and ESO generated design, two-dimensional finite element 
columns on a sloping surface, shown in Figure 3.15, was assigned to structural 
optimization process. The final generated design from ESO method has high 
similarities to the actual columns to be built.  
 
 
 
 
 
 
 
 
 
 
 
Figure 3.14 Three prototype columns model positioned on the Passion Façade 
(Burry et al. 2005) 
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Figure 3.15 Evolution of columns on a sloping surface, which is very much the same 
as the prototype shown in Figure 3.14 (Burry et al. 2005) 
In the above finite element analysis, a uniformly distributed vertical load was applied 
to the top surface, simulating the weight from the gable lintel over the upper level 
colonnade (Huang and Xie 2010). A thin layer of non-design domain was assigned to 
the top and bottom surfaces to prevent deletion of elements on those two particular 
areas, where the loading and support conditions were preserved. 
In the next study, the ESO method was used to untangle some of the mysterious of 
Gaudí’s design rationale (Huang and Xie 2010). A surviving photograph of Gaudí’s 
original drawing for the Passion Façade, as shown in Figure 3.16 enabled the 
sketching of the initial design by Peter Felicetti, which is shown in Figure 3.17. It is 
important to have a sketch on the initial design through original drawing, as this will 
be a starting point for structural optimization process.  
Based on the sketch produced, a model of initial design was generated in finite 
element software, as shown in Figure 3.18, where gravity loading was applied to the 
finite element analysis. Careful consideration needs to be given to the mathematical 
model (finite element model) to ensure that appropriate boundary conditions, 
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restraints, loads and design/non-design regions are accurately modelled (Burry et al. 
2005).  
 
 
 
 
 
 
 
 
 
Figure 3.16 Surviving photograph of Gaudí’s drawing for Passion Façade (Burry et al. 
2005) 
 
 
 
 
 
 
 
 
Figure 3.17 Sketch of initial design for Passion Façade by Peter Felicetti (Burry et al. 
2005) 
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Figure 3.18 Initial finite element model based on the sketch (Figure 3.13) (Burry et 
al. 2005) 
The finite element model was then being applied with the ESO method. The 
evolutionary process was shown in Figure 3.20. The final result could be considered 
as a structure that would transfer the gravity loading mostly efficiently under the 
specified conditions for the boundary supports, the amount of material, and the type 
of material (in this case, masonry) (Huang and Xie 2010).  
 
 
 
 
 
 
 
Figure 3.19 SagradaFamilia Façade model (Burry et al. 2005) 
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As seen in the final solution, in Figure 3.19, each of the lower columns supports a 
well-defined group of branching upper columns. It is identical to the original 
surviving photograph where both the lower and upper columns exhibit bone-like 
characteristics. 
Figure 3.20 Evolution process of Passion Façade of SagradaFamília Church (Burry et 
al. 2005) 
Gaudí’s unusual insight into optimal structural forms enabled the structures he 
designed exhibited similarities with the ESO generated designs. He managed to 
create many structures which later proved to be highly efficient (Huang and Xie 
2010). Digital tools such as ESO and BESO provided a much easier path for engineers 
to explore a large number of design requirements and options for complex 
architectural form finding problem.  
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3.6 Conclusion 
The four case studies presented in this chapter clearly demonstrate that ESO/BESO 
methods have reached a certain level of maturity and are applicable to many 
structural design projects. The benefits of applying ESO/BESO techniques in 
engineering design problem include obtaining optimal design which minimizes the 
wastage of materials and also generates efficient structural systems.  
The use of topology optimization techniques as a design tool enables architects and 
engineers to expand the possibility of achieving unique structural forms for their 
projects. Structurally efficient structures obtained via this technique is another 
guaranteed benefit. In addition, designs obtained from ESO/BESO techniques exhibit 
distinctive aesthetical appeal (Huang and Xie 2010).  
More work is needed to further demonstrate the applicability of ESO/BESO 
techniques, which will be presented in the following chapters.  
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Chapter 4 
 
TOPOLOGY OPTIMIZATION FOR FOOTBRIDGE 
 
 
This chapter demonstrates the practical application of the bi-directional evolutionary 
structural optimization techniques in a proposed footbridge project carried out by 
BKK Architects in close collaboration with RMIT’s Innovative Structural Group, of 
which the author is a member. The author was involved in part of this project, 
particularly the construction of the prototype in the laboratory. 
The entire footbridge model presented is obtained through stiffness optimization 
with BESO, which is already a mature and efficient technique. The results obtained 
were all checkerboard-free and mesh-independent solutions that further justify the 
feasibility for practical applications of stiffness evolutionary structural optimization. 
Geometric periodicity is introduced in all the examples demonstrated in this chapter.  
 
 
4.1 Introduction 
Stiffness is generally the most important factor in common civil structures due to its 
effect on structural performances such as deflections, frequencies, instabilities etc.. 
Extensive studies in this regard have been carried out previously due to this reason. 
The stiffness optimization problem commonly aims to find the best (stiffest) design 
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of the structure under a volume constraint. The simulation of a footbridge model is a 
good demonstration of the stiffness optimization problem. There are several popular 
methods proposed to solve stiffness optimization problem but the approach that 
was used in this chapter is the bi-directional evolutionary structural optimization 
techniques (BESO) (Huang et al.2007). 
As introduced in Chapter 2, bi-directional evolutionary structural optimization (BESO) 
has two different approaches, hard-kill and soft-kill. The main difference between 
these two approaches is that the soft-kill approach uses elements of a low relative 
density to replace the void elements in the hard-kill approach. Since the two 
approaches are essentially equivalent to each other, the hard-kill approach is 
employed in this chapter in order to save computational time.  
The periodic constraint is considered in the footbridge design. With this constraint, 
the geometric layout of the structure is designed by duplicating a certain module 
which is commonly termed the unit cell. The periodic design in this chapter follows 
the algorithm by Huang and Xie (2008). 
 
 
4.2 Periodicity Modes 
Periodicity mode is a design option to be considered in certain structural designs. It 
creates repetitive patterns by duplicating from a basic pattern to the whole structure. 
Periodic structures, e.g. the honeycomb core of a sandwich plate, are widely used in 
the structural designs because of their lightweight and ease of fabrication (Huang et 
al. 2009). Periodicity mode is therefore introduced into BESO for this sake. There are 
several types of periodicity modes that have been implemented in the BESO 
approach and these are introduced in the following. 
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4.2.1 Translational Periodicity 
In order to design a structure with geometric periodicity, a periodicity mode has to 
be chosen first. The most common type of periodicity is the translational periodicity. 
When a model is assigned with a translational periodicity, the structure will be built 
by having the cells built translationally duplicated in specified directions. The 
generated unit cells can be defined in two directions in two-dimensional cases and 
three directions in three-dimensional cases. Based on the conditions and 
specifications, one could determine the number of unit cells. For a two-dimensional 
case, only the x-direction and y-direction would have certain values. A demonstrative 
sketch of a two-dimensional 10x5 translational periodicity is shown in Figure 4.1. In 
the context, ‘10x5’ means 10 unit cells in x-direction and 5 unit cells in the y-
direction.  
 
 
 
 
 
 
Figure 4.1 Demonstrative sketch of a two dimensional 10x5 translational 
periodicity (10 cells in x-direction and 5 cells in y-direction) 
An example of a two-dimensional rectangular domain with L=32 and H=20 is shown 
in Figure 4.2 (Huang and Xie 2008). The plate is fixed on the left end and loaded 
vertically with F=100 (force/length) on the right end. The optimal stiffness designs 
generated from the design domain are illustrated in Figure 4.3. 
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Figure 4.2 Example of a two-dimensional rectangular domain (Huang and Xie 2008) 
 
 
 
 
   (a)            (b) 
 
 
 
 
   (c)            (d) 
Figure 4.3 Optimal designs of example shown in Figure 4.2 (Huang and Xie 2008): (a) 
2x1; (b) 4x2; (c) 8x4; (d) 16x8 
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4.2.2 Circular Periodicity 
Another type of periodicity mode is circular or cyclic periodicity. The unit cells are 
generated in circular direction and are made in a complete closed circle (or less than 
one closed circle). In the BESO implementation, the directions of unit cells could be 
divided into perimeter direction, radial direction and longitudinal direction if a 
cylinder tube-like object is considered. The numbers of unit cells are determined 
based on the conditions and specifications in certain directions. The wheel designs 
provide the best illustration of a circular periodicity design of a structure. Examples 
of wheels are shown in Figure 4.4. 
 
 
 
 
 
Figure 4.4 Optimal design of circular structures: front and rear rims of a motorcycle 
(Giger and Ermanni 2005) 
 
 
4.2.3 Symmetry Periodicity 
Symmetry is another type of periodicity mode where the basic pattern is mirrored to 
form symmetry. It can be mirrored either in an upside down position or left-right 
position. Figure 4.5 shows an example of a left-right mirrored symmetry. Symmetric 
periodicity can be specified in both translational and circular periodicity modes to 
create diverse topological periodicities.  
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Figure 4.5 Demonstrative sketch of a model with symmetrical periodicity (2x1 
symmetric model) 
 
 
4.2.4 Periodicity Offset  
Often unit cells are not assigned to start at the same position of the duplicating 
directions. In this case, the degree of offset can be prescribed. When unit cells in one 
duplicating direction are set in certain degree of offset, the next generating unit cells 
will have another duplicating direction. Figure 4.6 shows a demonstrative sketch of 
offset periodicity. For a circular periodicity, there are two types of offsets, radial or 
cross-sectional offset and longitudinal offset. Both types of offsets will generate 
different results. When a degree of cross-sectional offset is applied, the model will 
tend to form an arch due to the change of duplicating cross-sectional direction. On 
the other hand, when a degree of longitudinal offset is set, a twisting effect will be 
generated. Figure 4.7 shows the effect of longitudinal offset in a circular model. 
 
 
 
Figure 4.6 Demonstrative sketch of offset periodicity (a 4x2 offset periodicity 
model) 
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Figure 4.7 Circular model with longitudinal offset, where a twist in cross-section is 
formed (Huang and Xie 2010) 
 
 
4.3 Numerical Procedure 
Figure 4.8 describes the iterative procedure for the BESO method to optimize 
periodic structures. The procedure is outlined below. 
1. The design domain and boundary conditions of the structure are defined. 
Then an appropriate mesh size is chosen for the structure; finer mesh will 
produce smoother solution. Meshing of the structure depends on the needs 
and time. Most importantly, two parameters, namely the evolutionary rate 
(ER) which defines the ratio between the overall volume decrease and the 
volume of the current design, along with second parameter, the maximum 
addition ratio (ARmax) that defines the ratio between the maximum allowable 
addition volume and the volume of the current design are introduced. The 
two parameters mainly act to control the evolutionary procedure. 
2. After all specifications and parameters are defined, a finite element static 
analysis is carried out to analyze the structure. 
3. The sensitivity numbers are calculated, filtered and averaged. The sensitivity 
numbers for the elements in RUC (Representative Unit Cell) are also 
calculated. 
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4. A target volume for the next iterative design is determined and the 
optimization process (deleting and adding elements) takes place to construct 
the new design. 
5. After the volume constraint is satisfied, the overall volume of the design 
remains unchanged and BESO starts to look for solution convergence. If the 
volume constraint is not satisfied, the whole process is repeated again 
starting from step 2. 
6. Once the convergence criterion is satisfied, the whole BESO process is 
stopped. However, if convergence criterion is not met, the whole 
optimization process will have to re-start from step 2, and repeated until 
convergence criterion is met.  
In order to design structures through the BESO method, it is always recommended 
that a full design is used in the first place and then gradually decreasing the volume 
of the structure until a converged solution is obtained. The above flow chart may 
differ from the one introduced in Chapter 2 (Figure 2.10) because of the additional 
calculation of the sensitivity numbers for elements in the RUC. In order to realize the 
geometry periodicity, the sensitivity numbers should be processed as 
 άi =       (4.1) 
where άi is the sensitivity number of the RUC, m denotes the number of unit cells in 
the structure, αij is the original sensitivity number denoting the ith element in the jth 
unit cell. More details can be found in Huang and Xie 2008.  
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Figure 4.8 Flow chart of iterative procedure for BESO method to optimize periodic 
structures 
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4.4 Designs for Footbridges 
BKK Architects were commissioned to carry out a series of pedestrian bridges 
designs for a metropolitan freeway in Australia. BESO technique was brought to their 
attention and hence, the collaboration between BKK Architects and RMIT University 
was initiated to generate unique forms using BESO techniques. 
The brief for these footbridges called for simple sculptural gestures providing visual 
interest for the freeway and surrounding environment (Huang et al 2010). Before 
any BESO process, the specifications of the proposed footbridge were understood. 
The architect specifying the geometrical constraints for the bridge provided a simple 
sketch as shown in Figure 4.9. The geometry constraints needed to be precise in 
order to have the structure optimized close to reality.  
 
Figure 4.9 Initial sketch from the architect indicating geometrical constraints of the 
footbridge (Huang and Xie 2010) 
Under the geometry specification, the structure must have a minimum cleareance of 
65-meter width and 5.7-meter height, and a maximum ramp slope of 1:20. The 
maximum rise for midspan of arch is 1.8 meters. For the purpose of form finding, 
only the static loading of 4kPa pressure was applied to the deck of the bridge (Huang 
et al 2010). All other loading conditions would be considered during the detailed 
design stage.  
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With the aid from BESO program, the designs of the footbridges started off with 
simpler shapes. A rectangular-shaped three dimensional ‘brick’ elements was 
sketched as a finite element model. Two different boundary conditions were applied 
to the model. The difference between the two boundary conditions is that one 
model simulated with both ends fixed (no horizontal movement is allowed) to the 
pier while another model simulated with one end fixed to the pier and a roller on the 
other pier. A more complex and sophisticated model was designed in later stage, 
where periodical modes were implemented to increase the creativity to the 
structure.  
 
 
4.4.1 Rectangular Footbridge Design 1  
Based on the geometry specifications provided as shown in Figure 4.9, a rectangular-
shaped design domain is sketched in Abaqus. It is created by extruding the 
rectangular cross-section sketched. It is the simplest kind of design, where the 
boundary condition is bound to have both ends fixed (no movement at all) to the 
piers. The BESO program then acts as post-processor to optimize the structure. The 
evolutionary process of the footbridge that gradually removed elements until an 
optimum design achieved was shown in Figure 4.10. The optimal design of the 
structure with boundary condition of both ends fixed is shown in Figure 4.11. The 
resulted finite element model generated from Abaqus was converted into CAD 
models and further processed in Rhinoceros. The model specifications in this 
footbridge are shown in Table 4.1. 
Table 4.1 Model Specifications for Footbridge Design 1 
MODEL SPECIFICATIONS 
Maximum Rejection Ratio (rrmax) 0.90 
Filter Radius (rmin) 0.60 
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(a)           (b) 
       
 
   (c)           (d) 
                
  
   (e)           (f) 
   (g)           (h) 
Figure 4.10 The evolutionary process of the footbridge where both ends fixed (a) 
initial design; (b) 5
th
 iteration; (c) 20
th
 iteration; (d) 30
th
 iteration; (e) 40
th
 iteration; 
(f) 60
th
 iteration; (g) 100
th
 iteration; (h) 140
th
 iteration 
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Figure 4.11 Optimum design for footbridge with both ends fixed 
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4.4.2 Rectangular Footbridge Design 2  
This footbridge design has a boundary condition of one end fixed to the pier and 
roller-supported (no vertical movement) on the other end. The design is different 
from the first design due to the change of boundary conditions, where the stress and 
strain distributions were changed. The evolutionary process for this footbridge with 
one end fixed to the pier and the other end pinned is shown in Figure 4.12. The 
elements were gradually removed until an optimum design achieved. Figure 4.13 
shows the optimum design of the footbridge, where a truss-like form emerged. The 
model specifications in this design are shown in Table 4.2. 
Table 4.2 Model Specifications for Footbridge Design 2 
MODEL SPECIFICATIONS 
Maximum Rejection Ratio (rrmax) 0.80 
Filter Radius (rmin) 0.60 
 
                  
        
   (a)             (b) 
                 
   
   (c)             (d) 
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(e)           (f) 
                 
   (g)           (h) 
Figure 4.12 The evolutionary process of footbridge with one end fixed and another 
end roller-supported to the pier (a) initial design; (b) 1
st
 iteration; (c) 5
th
 iteration; 
(d) 10
th
 iteration; (e) 30
th
 iteration; (f) 40
th
 iteration; (g) 60
th
 iteration; (h) 77
th
 
iteration 
Figure 4.13 Optimum design for footbridge with one end fixed and another end 
roller-supported 
By changing the boundary conditions as shown in both Figure 4.11 and Figure 4.13, 
the optimal solutions looked completely different. BESO method proved to be very 
sensitive to the change in boundary conditions where the degree of freedom for the 
structure changes. 
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4.4.3 Circular Periodic Footbridge Design  
Apart from designing the footbridge with a rectangular-shaped design domain, a 
more interesting circular design domain was used to have an optimal design for the 
footbridge. All the physical specifications remained the same as shown in Figure 4.9. 
The bridge is constructed as a steel cylinder. In the finite element analysis package 
(ABAQUS), the cylindrical model was created by extruding the circular cross-section. 
The deck sitting inside the cylinder was sketched as well in order to assign the 
pressure on the floor. The deck was connected to the outer shell (cylinder shell) via 
connectors. During the optimization process, the deck is not optimized and the 
constant pressure on the deck is transferred to the cylinder shell, which is the main 
structure to be optimized. Figure 4.14 shows the evolutionary process where the 
initial design slowly evolved to an optimum design. Figure 4.15 shows the optimal 
design of the cylinder footbridge. The parameters used in this design are shown in 
Table 4.3. 
 MODEL SPECIFICATIONS 
Maximum Rejection Ratio (rrmax) 0.60 
Filter Radius (rmin) 0.40 
Cells in Cross-sectional Perimeter 4 
Cells in Longitudinal Axis 8 
Total Cell Offset 90 degrees in cross-section 
Table 4.3 Model Specifications for Circular Periodic Footbridge Design 
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   (a)          (b) 
              
   (c)          (d) 
Figure 4.14 The evolutionary process of circular footbridge (a) initial design; (b) 5
th
 
iteration; (c) 20
th
 iteration; (d) 50
th
 iteration 
         
 
Figure 4.15 Optimum design for circular footbridge 
Chapter 4 Topology Optimization for Footbridge 
 
 
69 
 
4.5 Construction of a Prototype Footbridge in Laboratory 
In order to demonstrate the practicability of BESO to real designs, a 1:4 scale 
footbridge model was cast in RMIT concrete structure lab with collaboration with an 
architect from BKK Architect firm. The architect constructed the footbridge mould 
and since the footbridge has a periodical design, the circular model was divided into 
six panels, where every panel has identical design and later bolted together to 
become a footbridge model as shown in Figure 4.20(i) and Figure 4.20(j). This 
footbridge model was constructed with concrete. Reinforcement with steel bars was 
also included to strengthen the model.  
The casting of the model involved the following steps: 
1. Pre-work and preparation 
2. Casting of first panel 
3. De-moulding of first panel 
4. Repeat steps 2 & 3 to get a second panel 
5. Assemble two panels to make sure all connections worked fine 
6. Repeat step 2 to get all panels casted 
7. Assemble all panels together to get final footbridge model 
The whole process of casting this large-scale model took approximately 2 months to 
complete and the end product was very satisfying. The success of this footbridge 
model casting strongly showed that the optimum design is applicable in term of 
practicability, even in large-scale structures.   
 
 
 
 
 
 
Chapter 4 Topology Optimization for Footbridge 
 
 
70 
 
4.5.1 Preparation 
The circular footbridge model was casted by using an arch mould as shown in Figure 
4.16(c). Since the model has periodical design, six panels casted from the mould can 
easily be joined to form a circular footbridge. The mould was made of wood and four 
sides of the mould can be detached when de-moulding the concrete panels. The 
white foam as shown can be removed to create separations/holes in the model. In 
order to ensure that the model was casted in a well manner, intense preparation 
was much needed. Figure 4.17 shows all the preparation before casting the panel. 
Pre-work before casting included: 
• Attaching the white foams to the designated locations 
• Sticking the clay around the white foams and four sides of the mould to 
ensure smooth surface 
• Applying a coat of oil to make sure the panels could be de-moulded easily 
• Preparing the steel cage (ensure it sits in the middle of the concrete panel) 
• Preparing the steel plate for connection  
 
 
 
(a)               (b) 
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   (c)            (d) 
 
 
 
 
 
      (e) 
Figure 4.16 Preparation before the casting of panel (a) to close the gap between 
the moulds with clay to prevent concrete from flowing out; (b) steel plates used for 
connection; (c) white foam attached to the mould and a coat of oil was applied; (d) 
steel cage to be put in the middle of the mould; (e) steel plate secured in position 
before concrete pouring 
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4.5.2 Casting (1
st
 Panel) 
Concrete mix based on the mix design that was prepared earlier. Steel fiber was 
added to the concrete mix in order to provide more strength to the concrete mix. 
Figure 4.17 shows the process during the first panel casting. The procedure of the 
casting included: 
• Preparing relevant materials (concrete, gravels with different sizes, fly ash, 
water and steel fiber) 
• Bolting steel plate into position 
• Mixing the concrete to get designated concrete strength  
• Pouring the first layer of concrete (filling up half of the mould) and 
compacting the concrete as shown in Figure 4.17(d) 
• Placing the steel cage in position and second pouring of concrete filling up 
the whole mould as shown in Figure 4.17(c) 
• Shaking the mould well to ensure all area filled as shown in Figure 4.17(g) 
• Smoothing the concrete surface shown in Figure 4.17(h) 
 
   (a)      (b) 
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   (c)      (d) 
   (e)      (f) 
   (g)                                  (h) 
Figure 4.17 The process of the first panel casting (a) steel fiber to be added into the 
concrete mix; (b) filling up half of the mould; (c) steel cage put into the mould; (d) 
steel plates secured to positions; (e) tied the steel cage together with steel plates; 
(f) fill up the mould; (g) shake the concrete to make sure every edge was filled with 
concrete; (h) smoothen the surface 
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4.5.3 De-moulding (1
st
 Panel) 
After three days of concrete pouring, the panel was already set and ready to be de-
moulded. Figure 4.18 shows the de-moulding process. The de-moulding process is 
summarized: 
• Removing four sides of the mould by un-screwing the bolts shown in Figure 
4.18(a) 
• Removing the white foams sitting on the outer side of the mould 
• Removing the panel slowly from the mould and putting it up straight as 
shown in Figure 4.18(b) with the aid from lab technicians 
• Knocking out the white foams gently from the middle with a hammer as 
shown in Figure 4.18(c)  
• Cleaning up the mould and white foams to be reused for next panel casting 
as shown in Figure 4.18(f) 
A piece of wet cloth was then used to cover the surface of the panel to provide 
moisture to the concrete. Water was sprayed to the panel for five consecutive 
days (concrete curing purpose). The reason for concrete curing is to make sure 
that the concrete has already achieved the designated strength.  
 
 
 
 
 
 
 
 
   (a)           (b) 
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   (c)           (d) 
 
 
 
 
 
 
 
 (e)          (f) 
Figure 4.18 The process of de-moulding first panel (a) remove both sides of the side; 
(b) panel was removed from the mould and put up straight; (c) gently knocked off 
the foams from concrete; (d) panel with all foams removed; (e) steel plates 
connection; (f) re-attached all foams to the mould and close the gaps with clay and 
spraying a coat of oil 
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4.5.4 Assembling of two panels 
Second panel was casted by repeating the above procedure (preparation and 
casting). After the second piece was casted and cured, the assembling of two panels 
took place. The reason for the two panels to be assembled before casting remaining 
panels is to ensure that the connection to connect both panels together worked 
perfectly. The panels were assembled together through these steps and shown in 
Figure 4.19: 
• Positioning both panels in vertical direction  
• Putting together the steel plates from both panels as shown in Figure 4.19(b) 
• Screwing up the steel plates with bolts as shown in Figure 4.19(c) 
• Laying down the panels horizontally once the screws were secured  
As shown in Figure 4.19(d), the connections worked perfectly and the two panels 
were connected securely. Four remaining panels were then casted before 
assembling them together (repeating above steps: preparation, casting and curing).  
 
 
 
 
 
 
 
 
                                      (a)      (b)
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   (c)          (d) 
 
 
 
 
 
 
 
 
                                      (e)        (f)  
Figure 4.19 Process of the assembly of two panels (a) two panels ready to be 
assembled; (b) put both panels in vertical direction; (c) connections of both panels; 
(d) screwing both panels together; (e) & (f) both panels connected together  
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4.5.5 Prototype Build-up 
After all remaining four panels being casted and cured for five consecutive days, the 
buildup of all panels to form a complete footbridge model took place. The prototype 
build up was taken out with extra care to prevent cracking of the panels. Figure 4.20 
shows the process of the prototype build up. The assembling of all panels to form 
model included: 
• Setting up the two panels that has already be connected in vertical 
direction as shown in Figure 4.20(a) 
• Connecting the third panel to it as shown in Figure 4.20(b) 
• Ensuring the connection is firm and secure to prevent model from failing 
• Repeating above steps for all remaining panels (crane was used to hold 
the connected panels in firm position) shown in Figure 4.20 (c) & (d) 
• Providing a rectangular base for the model to sit on it when the last panel 
was connected as shown in Figure 4.20(e) & (f),  shown in Figure 4.20(g) & 
(h) 
• Placing the model on the base and display it in appropriate location as 
shown in Figure 4.20 (j) 
 
 
 
 
 
 
 
 
             (a)               (b)
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   (c)          (d) 
 
 
 
 
 
   (e)         (f) 
Figure 4.20 Process of prototype build up (a) Previous connected two panels were 
put in vertical position; (b) slowly connect the third panel; (c) & (d) carefully 
connect the panels with the aid of crane to hold the prototype firm; (e) & (f) show 
the complete assembling of all panels 
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4.6 Conclusion 
In this chapter, periodicity modes of the BESO method are illustrated which include 
translational periodicity, circular periodicity, symmetry periodicity and periodicity 
offset. The optimization procedure of the BESO method is also explained. The BESO 
method is applied to the topology optimization of footbridge designs. Several 
different cross-section configuration designs are optimized. 
An attempt to fabricate a prototype generated from the BESO method is made. The 
ease of fabrication and assembly of the prototype is demonstrated by the 
construction of the model. The cast prototype is a work of collaboration between the 
author and an architect firm, BKK Architects, in Melbourne, with assistance provided 
by RMIT technical officers. 
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Chapter 5  
 
TOPOLOGY OPTIMIZATION OF DEEP-SEA 
SPONGE INSPIRED MODELS 
 
This chapter demonstrates the relationship between bi-directional evolutionary 
structural optimization designs and structures in natural habitats. Structures in 
nature exhibit remarkable designs with building blocks that are often hierarchically 
arranged from the nanometre to the macroscopic length scales (Aizenberg et al 
2005). Many of the nature habitats construct their structures with exceptionally 
strong building patterns and materials. Deep-sea sponge is one of the numerous 
examples that demonstrated the outer structure constructed with strong design 
pattern. Every structural level contributes to the mechanical stability and toughness 
of the resulting design (Aizenberg et al 2005). 
 
 
5.1 Introduction 
In this modern era where population gets very dense in big cities, the importance for 
high-rise buildings to be built becomes obvious. The most critical issue in a high-rise 
building is the stability and the strength of the building. The higher the skyscraper is, 
the stronger the structure has to be in order to avoid collapsing. Nature exhibits 
strong surviving techniques by building a strong structural form to withstand the 
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outer forces. Researchers suggest that a tropical deep-sea sponge can teach 
engineers and architects a lot about building remarkably strong structures from 
extremely fragile materials.  
In the following section, several deep-sea sponge inspired models are constructed 
and optimized using the BESO method to explore resemblance between the 
optimum solutions from the model and the real structure of deep sea sponge. Figure 
5.1(a) shows the entire skeleton of the deep-sea sponge. Figure 5.1(b) is the 
fragment of the cage structure showing the square-grid lattice of vertical and 
horizontal struts with diagonal elements arranged in a chessboard manner. Figure 
5.1(c) demonstrates vertical and horizontal ordering of bundled spicules forming a 
square-lattice cylindrical cage with every second cell reinforced by diagonal elements 
(Aizenberg et al 2005). The literature on the physical properties of the deep-sea 
sponge is reviewed in order to construct a close-to-reality computer model of the 
deep-sea sponge.   
 
 
   
  (b)  
                
 
   (a)           (c) 
Figure 5.1 Deep-sea sponge (a) entire skeleton of the deep-sea sponge; (b) 
fragment of the cage structure showing the square-grid lattice of vertical and 
horizontal struts with diagonal elements arranged in a chessboard manner; (c) 
vertical and horizontal ordering of bundled spicules forming a square-lattice 
cylindrical cage with second cell reinforced by diagonal elements (Aizenberg et al 
2005) 
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5.2 Deep-sea sponge inspired Simulations 
5.2.1 Introduction to the Simulations 
Deep sea sponge under the sea water definitely has tough living conditions. They 
experience different loading conditions depending on the other living habitats 
moving around them, and the changes in natural environment. In order to have the 
model simulated close to the real structure, the loading forces that are applicable to 
the sea sponge need to be broken down. Different external loading cases that were 
applied to the sea sponge are summarized and discussed as follows: 
• Underwater Pressure  
Pressure is one of the most obvious forces to be found acting on the sea 
sponge structure. Underwater pressure increased alongside with the increase 
of depth. Sea sponge that is found underwater certainly undergoes huge 
pressure force to their structure.  
• Twisting Force 
Underwater sea current contributes to the loading force acting on the sea 
sponge. Sea current could get very rough at times and hence, it is crucial to 
include this parameter during simulation to have the structure optimized 
closest to real environment. 
• Bending Force 
When another living creatures move around the sea sponge, water will also 
be moving creating a bending force acting onto the sea sponge. This bending 
force relies on force created by the living creatures when they move.  
• Point Load Force 
Point load force usually is the contribution from other physical substances 
found under sea water when they dropped on the surface of the sea sponge. 
The point load force is also dependent on the weight or dropping force of the 
physical substances. These include the wastage from other living creatures or 
sand and stones transferred by other sea livings.  
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In order to create a similar environment when creating and optimizing the model, all 
of the above mentioned loading cases need to be considered. However, the 
resources on the actual forces or loading conditions experienced by the deep-sea 
sponge underwater are very limited. Therefore all the models are constructed to 
experience individual loading conditions as discussed above without overlapping 
each another. In addition, another reason for being able to ignore the force 
magnitudes and the deep-sea sponge material properties is that they will not make 
difference to the final solution when only one force is applied for stiffness 
optimization. 
 
5.2.2 Deep-sea sponge inspired model  
 When constructing the model, the physical parameters of the deep-sea sponge are 
used in order to create a closely similar model to the sponge. The material properties 
of the deep-sea sponge are also extensively researched. However, the detail of 
Poisson’s ratio for deep-sea sponge is very little and thus, an assumption has been 
made. The initial design domain has four elements left void in every cell. This is due 
to the structural instability when the model is subjected to pressure force. Therefore, 
in order to avoid bias, all examples demonstrated herein after have all the same 
design domain. Table 5.1 shows the material properties while Table 5.2 shows the 
physical properties of the deep-sea inspired model. Table 5.3 shows the model 
specifications to optimize the model. 
Table 5.1 Material Properties of Deep-sea Sponge inspired Model 
MATERIAL PROPERTIES 
Young’s Modulus 36GPa 
Poisson Ratio 0.3 
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Table 5.2 Physical Properties of Deep-sea Sponge inspired Model 
PHYSICAL PROPERTIES 
Diameter 25 
Length 45 
 
Table 5.3 Model Specifications of Deep-sea Sponge inspired Model 
MODEL SPECIFICATIONS 
Maximum Rejection Ratio 0.60 
Filter Radius 0.40 
Cells in Cross-sectional Perimeter 4 
Cells in Longitudinal Axis 8 
Total Cell Offset 90 degrees in cross-section 
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5.3 Sensitivity Numbers for Stiffness Optimization 
5.3.1 Problem Statement  
The conventional topology optimization methods often search for the best design of 
a structure that yields the stiffest structure with given volume of the material (Huang 
and Xie 2010). The element itself is treated as the design variable rather than its 
associated physical parameters. The optimization problem with the volume 
constraint is stated as 
Minimize C = fTu       
Subject to: V* - i = 0     (5.1) 
  xi Є {0,1} 
where f and u are the applied load and displacement vectors and C is known as the 
mean compliance. Vi is the volume of an individual element and V* the prescribed 
total structural volume. N is the total element number in the system. The binary 
design variable xi declares the absence (0) or presence (1) of an element.  
 
 
5.3.2 Elemental sensitivity numbers 
When a solid element is removed from a structure, the change of the mean 
compliance or total strain energy is equal to the elemental strain energy (Chu et al. 
1996). This change is defined as the elemental sensitivity number: 
  = ∆Ci = KIUI      (5.2) 
where ui is the nodal displacement vector of the ith element, Ki is the elemental 
stiffness matrix (Huang and Xie 2010). The sensitivity number  = 0 for void 
elements (0) because they are not involved in the analysis.  
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5.3.3 BESO Filter Scheme 
In a continuum structure which is discretized using low-order bilinear (2D) or trilinear 
(3D) finite elements, the sensitivity number as shown in equation (5.2) could become 
C0 discontinuous across element boundaries and result in checkerboard patterns in 
topology by definition (Huang and Xie 2007). A nodal sensitivity number which do 
not carry any physical meaning if their own are determined by averaging the 
element ones connecting to the node to tackle mesh dependency problem. It is 
stated as  
 =  
where M denotes the total number of elements connected to jth node. The nodal 
sensitivity numbers in equation (2.10) will then be converted into smoothed 
elemental sensitivity number and this conversion takes place through projecting 
nodal sensitivity numbers to the design domain where a filter scheme is introduced 
complete the whole process. The improved sensitivity number of the ith element is 
expressed as 
  =       (5.3) 
Where K denotes the total number of nodes in the sub-domain Ωi, ω( ) is the linear 
weight factor defined as  
 ω( ) = rmin – rij (j = 1 , 2 , … , K)   (5.4) 
The filter shown above has a length scare rminthat does not change with mesh 
refinement. The primary role of the scale parameter rminin the filter scheme is to 
identify the nodes that will influence the sensitivity of the ith element (Huang and 
Xie 2010). It can be seen that the filter scheme proposed smoothed the sensitivity 
numbers in the whole design domain and therefore the sensitivity numbers for void 
elements could automatically obtained. Theoretically, based on the above process, 
some of the void elements could be assigned with high sensitivity numbers due to 
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the existence of solid elements within the sub-domain Ω and hence; those void 
elements with higher value sensitivity numbers may be switched to solid elements in 
the next iteration.  
 
 
5.3.4 Stabilization of Evolutionary Process 
The BESO algorithm proposed using sensitivity numbers could still struggle from 
achieving converged solution. The reason for this non-convergence to occur is that 
the sensitivity numbers are of the solid (1) and void (0) elements are based on 
discrete design variables of element presence (1) and absence (0) (Huang and Xie 
2010). An effective way to solve this problem, as proposed by Huang and Xie (2007), 
is by averaging the sensitivity number with its historical information. The simple 
history-averaging scheme is expressed by 
  =       (5.5) 
Where k is the current iteration number,  and  is the sensitivity numbers of 
current and previous iterations respectively. Then let  =  which will be used for 
the next iteration. Thus, the updated sensitivity number includes all sensitivity 
information in the previous iterations. 
 
 
5.3.5 Element Removal/Addition and Convergence Criteria 
Before elements are removed from or added to the current design, the target 
volume for the next iteration (vk+1) needs to be given first (Huang and Xie 2010). The 
targeted volume can be greater or smaller than the current volume (initial volume), 
depending on the current volume and the volume constraint imposed (if any). The 
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target volume will be increased or decreased in each iteration step by step until the 
constraint volume is achieved. The evolution of the volume can be expressed by 
 Vk+1 =Vk (1  ER)  (K = 1, 2, 3, …)    (5.6) 
whereVk+1 and Vkare the target volume and current volume of the kth iteration. ER is 
the evolutionary volume rate. The plus minus sign indicates that the materials could 
be increased or decreased. Once the volume constraint is satisfied, the volume of 
the structure will be kept constant for the remaining iterations, expressed by 
 Vk+1 = V
*       (5.7) 
Where V* is the satisfied volume constraint (objective volume). Then sensitivity 
numbers of all elements, both solid (1) and void (0), are calculated as described and 
sorted according to their values of the sensitivity numbers (from the highest to the 
lowest) (Huang and Xie 2007). A threshold sensitivity number is then introduced and 
calculated. Solid element (1) with sensitivity number lower than the threshold 
sensitivity number will be deleted (switched to 0), expressed by 
 αi ≤        (5.8) 
 While void elements (0) with sensitivity numbers higher than the threshold 
sensitivity number will be added (switched to 1), expressed by 
 αi>        (5.9) 
where  and  are the threshold sensitivity number for removing and adding 
elements, and  is always less than or equal to  . Both adding and removing 
threshold sensitivity numbers could be calculated in a simply way. The first step is to 
take that , , and αthis equivalent, such that αthcan be easily determined by 
. For example, for a problem with 1000 elements in the model, the sensitivity 
numbers will be sorted out as α1> α2> α3> ... > α1000. In order to fulfill objective 
volume of the final design ( ), say 725 solid elements, then αth= α725. 
The second step is to calculate volume addition ratio (AR), which is defined as the 
number of added elements divided by the total number of elements in the design 
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domain (Huang and Xie 2010). The maximum volume addition ratio (ARmax) is 
introduced to ensure that not too many elements are added in a single iteration as 
this may violates the gradual evolutionary process. If AR ≤ ARmax, the volume 
addition ratio is in satisfactory condition. If AR >ARmax,  and  will need to be 
recalculated. To calculate , the sensitivity number of void elements (0) has to be 
sorted first. The number of elements to be switched from 0 to 1 will be equal to 
ARmax multiplied by the total number of elements in the design domain, where  
is the sensitivity number of the element ranked just below the last added element. 
The process is then continued by determining  so that the removed volume is 
equal to (Vk – Vk+1 + the volume of the added elements). 
The iterative procedure (cycle of finite element analysis and element 
removal/addition) continues until the objective function (objective volume) is 
reached and satisfied convergence criterion shown below; 
 Error =   ≤ τ   (5.10) 
Where k denoted the current iteration number, τ is the allowable convergence 
tolerance and N is an integer number that determines the accuracy of convergence. 
Chapter 5 Topology Optimization of Deep-sea Sponge Inspired Models 
 
92 
 
5.4 Examples and Discussion 
5.4.1 Twisting Force 
Underwater sea currents and flows of fluids contributed twisting force when the 
currents flow over the sea sponge. It is the main contribution to the forces 
experienced by the deep-sea sponge. Therefore, when constructing the deep-sea 
inspired model, a twisting force is applied throughout the outer sphere of the model.  
Figure 5.2(d) shows the final optimal result generated using BESO method. Figure 5.2 
shows the evolutionary process of the deep-sea sponge model.      
 
  (a)     (b) 
 
 
 
 
                                        (c)        (d) 
Figure 5.2 The evolutionary process of the deep-sea sponge inspired model 
subjected to twisting force (a) initial design domain; (b) design at 5
th
 iteration; (c) 
design at 25
th
 iteration; (d) final optimal design at 49
th
 iteration 
From the above figure, it can be clearly seen that the final optimal solution exhibits a 
diagonal-inspired cage as shown in Figure 5.1(c). The design is identical to the real 
structure of the deep-sea sponge.  
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Figure 5.3 Removal Volume versus Iteration Numbers 
Figure 5.3 shows the history of the removal volume versus the iteration numbers. 
The final optimal design is reached at iteration-49. The targeted removal volume is 
indicated as fifty percent. It is clearly seen from the graph that the removing of 
elements follow a steady up growth trend.  
 
 
 
 
 
Figure 5.4 Mean Compliance versus Iteration Numbers 
Figure 5.4 shows the history of the mean compliance (also known as performance 
index) versus the iteration numbers. From the graph, it is clearly seen that the 
optimization process has reached stabilization stage where the changes of the mean 
compliances are very steady. There is no vigorous or obvious change of mean 
compliance at the last several iterations which demonstrates a very good indication 
that the BESO method is a very stable topology optimization method and reached 
the objective of the method; to gradually remove inefficient elements and adding 
elements to strengthen the structure. 
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5.4.2 Bending Force 
Deep-sea sponge often subjected to bending force underwater. This is due to the 
flow of the water; the deep-sea sponge needs to stand against the change of flow 
contributing to the bending force acting on the sponge. In this example, the bending 
force is applied on the top surface of the sponge to create the largest bending 
moment in order to ensure that the optimized design obtained from BESO method 
can withstand the worst scenario underwater. 
Figure 5.5(d) shows the final optimal design generated using BESO method. Figure 
5.5 illustrates the evolutionary process of the deep-sea sponge when subjected to a 
bending force at the top surface. 
 
 
 
 
(a)         (b) 
 
 
 
 (c)     (d) 
Figure 5.5 The evolutionary process of the deep-sea sponge inspired model 
subjected to bending force (a) initial design domain; (b) design at 5
th
 iteration; (c) 
design at 20
th
 iteration; (d) final optimal design at 50
th
 iteration 
From the above figure, it can be clearly seen that the final optimal solution exhibits 
vertical strips which is identical to the vertical bundles of spicules (deep sea-sponge) 
as shown in Figure 5.1. 
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Figure 5.6 Removal Volume versus Iteration Numbers 
Figure 5.6 shows the history of the removal volume versus the iteration number. The 
final optimal design is reached at iteration-50. The targeted removal volume is 
indicated as fifty percent. The pattern of the graph follows a smooth up growth 
trend (removing elements of the design domain slowly) until targeted removal 
volume.  
 
 
 
 
 
 
Figure 5.7 Mean Compliance versus Iteration Numbers 
Figure 5.7 shows the history of the mean compliance (also known as performance 
index) versus the iteration numbers. From the graph, it is clearly seen that the 
optimization process has reached stabilization stage where the changes of the mean 
compliances are very steady. The changes in the final several iterations occurred 
only at two values showing that the optimization process has already reached 
convergence.  
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5.4.3 Point Load Force 
More than often the deep-sea sponge will collect numerous underwater residues 
contributing to the point load force on the structure. In this example, when 
constructing the deep-sea sponge model, a point load force is added to the center in 
the top of the sponge.  
Figure 5.8 (d) shows the final optimal design generated using BESO method. Figure 
5.8 demonstrates the evolutionary process of the deep-sea sponge inspired model 
when subjected to a point load force.  
 
 
 
 
 (a)     (b) 
 
 
 
 
   (c)     (d) 
Figure 5.8 The evolutionary process of the deep-sea sponge inspired model 
subjected to point load force (a) initial design domain; (b) design at 5
th
 iteration; (c) 
design at 10
th
 iteration; (d) final optimal design at 20
th
 iteration 
From the above figure, it can be clearly seen that the final optimal solution exhibits a 
diagonal-inspired cage as shown in Figure 5.1(c). The design is identical to the real 
structure of the deep-sea sponge. 
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Figure 5.9 Removal Volume versus Iteration Numbers 
Figure 5.9 shows the history of the removal volume versus the iteration number. The 
final optimal design is reached at iteration-52. The targeted removal volume is 
indicated as thirty-five percent. The pattern of the graph follows a smooth up growth 
trend (removing elements of the design domain slowly) until targeted removal 
volume.  
 
 
 
 
 
 
Figure 5.10 Mean Compliance versus Iteration Numbers 
Figure 5.10 shows the history of the mean compliance (also known as performance 
index) versus the iteration numbers. From the graph, the changes in the final several 
iterations are very minimal and only occurred at a few values. It is believed that the 
optimization process has reached stabilization stage where the changes of the mean 
compliances are very steady. 
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 5.4.4 Pressure Force 
The deep-sea sponges grow and survive under deep water pressure that make their 
structures exceptional strong to counter back the water pressure that is put to them. 
When constructing this deep-sea sponge model, an evenly-distributed pressure force 
is applied to the whole model. 
Figure 5.11(d) shows the final optimal design generated from the BESO method and 
Figure 5.11 illustrates the evolutionary process of the deep-sea sponge inspired 
model when subjected to a pressure force. 
 
 
 
 
   (a)     (b) 
 
 
 
 
   (c)     (d) 
Figure 5.11 The evolutionary process of the deep-sea sponge inspired model 
subjected to pressure force (a) initial design domain; (b) design at 5
th
 iteration; (c) 
design at 20
th
 iteration; (d) final optimal design at 39
th
 iteration 
From the above figure, it can be clearly seen that the final optimal solution exhibits 
horizontal strips which is identical to the horizontal bundles of spicules (deep sea-
sponge) as shown in Figure 5.1. 
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Figure 5.12 Removal Volume versus Iteration Number 
Figure 5.12 shows the history of the removal volume versus the iteration number. 
The final optimal design is reached at iteration-39. The targeted removal volume is 
indicated as fifty percent.  
 
 
 
 
 
 
Figure 5.13 Mean Compliance versus Iteration Numbers 
Figure 5.13 shows the history of the mean compliance (also known as performance 
index) versus the iteration numbers. From the graph, it is clearly seen that the 
optimization process has reached stabilization stage where the changes of the mean 
compliances are very steady. The changes in the final several iterations occurred 
only at two values showing that the optimization process has already reached 
convergence. 
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5.4.5 Discussion 
All of the above four deep-sea sponge inspired models are constructed with 
individual loading configurations to notify the optimal designs under different 
loading cases. From the above examples, it is easy to see that the optimal result 
shows clear resemblance to the real deep-sea sponge. The diagonal pattern as 
optimized under twisting force, the vertical strips optimized under bending force 
that looks alike with the vertical struts as displayed in the real deep-sea sponge, the 
optimization of pressure force generating horizontal rings resembles to the 
horizontal struts of the deep-sea sponge and the bundled cylindrical cage under 
point loading force all demonstrates the similarity between the optimized designs 
using BESO method and the real deep-sea sponge structure.  
 
 
5.4 Conclusion 
Nature never fails to fascinate researchers with its exceptionally multifunctional 
properties, the deep-sea sponge being an excellent example. The constructon of the 
deep-sea inspired model with different loading conditions applied to the deep-sea 
sponge model such as twisting, bending, pressure and point loading and the 
topology optimization of the model is carried out to show that the optimum designs 
achieved from the BESO method often bear striking resemblance to the real 
structure of deep-sea sponge. 
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Chapter 6 
 
TOPOLOGY OPTIMIZATION UNDER 
TRANSIENT DYNAMIC LOADING  
 
 
This chapter extends the bi-directional evolutionary structural optimization 
technique to the challenging problem of topology optimization of structures under 
transient dynamic loading. Linear static response structural optimization using the 
finite element method for linear static analysis has been developed extensively (Park 
2010). However, there is very limited research on work for structural optimization 
with dynamic loading. All of the models presented in this entire chapter were 
modeled with dynamic loadings optimized with a modified BESO method.  
 
 
6.1 Introduction 
Over the years, structural optimization involving linear static analysis has been 
extensively studied and numerous publications have been made regarding the 
optimization problems with static loadings on structures. However, the development 
of structural optimization with dynamic loadings was very limited. Structural 
optimization with dynamic loading is important due to the fact that dynamic 
response is likely to happen in reality. A significant work in this area is that of Park 
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who proposed an optimization method using equivalent static loads (ESLs) to solve 
problems dealing with dynamic loadings (Park et al 2010). ESL method has proven its 
ability to tackle nonlinear dynamic optimization problems. On the other hand, the 
current BESO method has already been well established to solve linear static analysis 
models but still lacks attempts in tackling problems dealing with dynamic loadings. 
The current BESO method needs to be further developed to deal with dynamic 
response problems. Therefore, an investigation has been made to the current BESO 
method and significant extensions were proposed by the author in this chapter in 
order to solve problems with dynamic loadings. All of the examples shown in this 
chapter were optimized with the modified BESO method. 
 
 
6.2 Equivalent Static Loads (ESLs) Method 
Park et al (2010) proposed optimization methods using equivalent static loads (ESLs) 
to solve various structural optimization disciplines including linear dynamic response 
optimization, structural optimization for multi-body dynamic systems, nonlinear 
static response optimization and nonlinear dynamic response optimization. The ESL 
is defined as the static load that generates the same displacement field by an 
analysis, which is not linear static (Park et al 2011).  
The basic idea of the ESL method is presented in Figure 6.1. The optimization process 
is divided into two domains: analysis domain and design domain where a nonlinear 
static analysis is performed. Then the displacement field is evaluated and equivalent 
static load sets were obtained, where the model was then transmitted into the 
design domain to perform linear static response optimization using the derived 
equivalent static load sets as input (external loads). The design variables are updated 
in the design domain and a nonlinear static analysis is performed again with the 
updated design variables. The same optimization process is repeated until 
convergence achieved.  
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Figure 6.1 Schematic process between the analysis domain and the design domain 
(Park 2010) 
 
 
6.3 Bi-directional Evolutionary Structural Optimization (BESO) Method 
In comparison to the equivalent static load (ESL) method that requires equivalent 
loads to be obtained in order for a linear static optimization to take place, the 
modified bi-directional evolutionary structural optimization (BESO) method is 
proposed to optimize structures with dynamic loading directly without the need to 
evaluate the displacement field and further obtaining the equivalent loads.  
 
 
6.3.1 Problem Statement 
The optimization problem demonstrated in this chapter is slightly differentiable with 
the topology stiffness optimization presented in the previous chapters. Though the 
examples shown in this chapter deals with topology stiffness optimization the 
dynamic analysis process exhibits differences on the problem statement and the 
sensitivity analysis. The optimization problem with the volume constraint is stated as  
Minimize C = u 
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Subject to:  =  
   = 0 or 1     (6.1) 
where f and u are the applied load and displacement vectors and C is known as the 
mean compliance. N is the total number of steps prescribed and j is the step selected 
at current stage. Vi is the volume of an individual element and V* the prescribed 
total structural volume. The binary design variable xi declares the absence (0) or 
presence (1) of an element.  
 
 
6.3.2 Elemental Sensitivity Numbers 
When a solid element is removed from a structure, the change of the mean 
compliance or total strain energy is equal to the elemental strain energy (Chu et al. 
1996). This change is defined as the elemental sensitivity number: 
  = { [ ]{     (6.2) 
where uij is the nodal displacement vector of the ith element at jth step, Ki is the 
elemental stiffness matrix (Huang and Xie 2010) and j is the step selected. The 
sensitivity number has two parameters i and j that define the ith element in jth step.   
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6.3.3 BESO Filter Scheme 
In a continuum structure which is discretized using low-order bilinear (2D) or trilinear 
(3D) finite elements, the sensitivity number as shown in equation (5.2) could become 
C0 discontinuous across element boundaries and result in checkerboard patterns in 
topology by definition (Huang and Xie 2007). A nodal sensitivity number which do 
not carry any physical meaning if their own are determined by averaging the 
element ones connecting to the node to tackle mesh dependency problem. It is 
stated as  
 =  
where M denotes the total number of elements connected to jth node. The nodal 
sensitivity numbers in equation (2.10) will then be converted into smoothed 
elemental sensitivity number and this conversion takes place through projecting 
nodal sensitivity numbers to the design domain where a filter scheme is introduced 
complete the whole process. The improved sensitivity number of the ith element is 
expressed as 
  =       (6.3) 
Where K denotes the total number of nodes in the sub-domain Ωi, ω( ) is the linear 
weight factor defined as  
 ω( ) = rmin – rij (j = 1 , 2 , … , K)   (6.4) 
The filter shown above has a length scare rminthat does not change with mesh 
refinement. The primary role of the scale parameter rminin the filter scheme is to 
identify the nodes that will influence the sensitivity of the ith element (Huang and 
Xie 2010). It can be seen that the filter scheme proposed smoothed the sensitivity 
numbers in the whole design domain and therefore the sensitivity numbers for void 
elements could automatically obtained. Theoretically, based on the above process, 
some of the void elements could be assigned with high sensitivity numbers due to 
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the existence of solid elements within the sub-domain Ω and hence; those void 
elements with higher value sensitivity numbers may be switched to solid elements in 
the next iteration.  
 
 
6.3.4 Stabilization of Evolutionary Process 
The BESO algorithm proposed using sensitivity numbers could still struggle from 
achieving converged solution. The reason for this non-convergence to occur is that 
the sensitivity numbers are of the solid (1) and void (0) elements are based on 
discrete design variables of element presence (1) and absence (0) (Huang and Xie 
2010). An effective way to solve this problem, as proposed by Huang and Xie (2007), 
is by averaging the sensitivity number with its historical information. The simple 
history-averaging scheme is expressed by 
  =        (6.5) 
Where k is the current iteration number,  and  is the sensitivity numbers of 
current and previous iterations respectively. Then let  =  which will be used for 
the next iteration. Thus, the updated sensitivity number includes all sensitivity 
information in the previous iterations. 
 
 
6.3.5 Element Removal/Addition and Convergence Criterion 
Before elements are removed from or added to the current design, the target 
volume for the next iteration (vk+1) needs to be given first (Huang and Xie 2010). The 
targeted volume can be greater or smaller than the current volume (initial volume), 
depending on the current volume and the volume constraint imposed (if any). The 
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target volume will be increased or decreased in each iteration step by step until the 
constraint volume is achieved. The evolution of the volume can be expressed by 
 Vk+1 =Vk (1  ER)  (K = 1, 2, 3, …)    (6.6) 
whereVk+1 and Vkare the target volume and current volume of the kth iteration. ER is 
the evolutionary volume rate. The plus minus sign indicates that the materials could 
be increased or decreased. Once the volume constraint is satisfied, the volume of 
the structure will be kept constant for the remaining iterations, expressed by 
 Vk+1 = V
*       (6.7) 
Where V* is the satisfied volume constraint (objective volume). Then sensitivity 
numbers of all elements, both solid (1) and void (0), are calculated as described and 
sorted according to their values of the sensitivity numbers (from the highest to the 
lowest) (Huang and Xie 2007). A threshold sensitivity number is then introduced and 
calculated. Solid element (1) with sensitivity number lower than the threshold 
sensitivity number will be deleted (switched to 0), expressed by 
 αi ≤        (6.8) 
 While void elements (0) with sensitivity numbers higher than the threshold 
sensitivity number will be added (switched to 1), expressed by 
 αi>        (6.9) 
where  and  are the threshold sensitivity number for removing and adding 
elements, and  is always less than or equal to  . Both adding and removing 
threshold sensitivity numbers could be calculated in a simply way. The first step is to 
take that , , and αthis equivalent, such that αthcan be easily determined by 
. For example, for a problem with 1000 elements in the model, the sensitivity 
numbers will be sorted out as α1> α2> α3> ... > α1000. In order to fulfill objective 
volume of the final design ( ), say 725 solid elements, then αth= α725. 
The second step is to calculate volume addition ratio (AR), which is defined as the 
number of added elements divided by the total number of elements in the design 
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domain (Huang and Xie 2010). The maximum volume addition ratio (ARmax) is 
introduced to ensure that not too many elements are added in a single iteration as 
this may violates the gradual evolutionary process. If AR ≤ ARmax, the volume 
addition ratio is in satisfactory condition. If AR >ARmax,  and  will need to be 
recalculated. To calculate , the sensitivity number of void elements (0) has to be 
sorted first. The number of elements to be switched from 0 to 1 will be equal to 
ARmax multiplied by the total number of elements in the design domain, where  
is the sensitivity number of the element ranked just below the last added element. 
The process is then continued by determining  so that the removed volume is 
equal to (Vk – Vk+1 + the volume of the added elements). 
The iterative procedure (cycle of finite element analysis and element 
removal/addition) continues until the objective function (objective volume) is 
reached and satisfied convergence criterion shown below; 
 Error =   ≤ τ    (6.10) 
Where k denoted the current iteration number, τ is the allowable convergence 
tolerance and N is an integer number that determines the accuracy of convergence 
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6.3.6 Numerical implementation  
In order to tackle problems with dynamic loading, the original BESO method has 
been modified to satisfy the needs. Under stiffness optimization for dynamic 
response problems, structural optimization is performed aiming to reduce the mean 
compliance during the loading history. The main methodology of the modified BESO 
method is that when a subject is subjected to dynamic loading, the dynamic analysis 
output a series of strain energies of the structure in the history and the highest strain 
energy values are selected. The total external energy is then calculated and 
optimization is performed based on the external energies. The topology of the model 
changes in every iteration and new sets of strain energy will be obtained. The 
optimization process proceeds until the convergence criteria are satisfied. Figure 6.2 
shows the methodology of the modified BESO method to optimize structures 
subjected to dynamic loading. 
The major difference between ESL method and modified BESO method is that BESO 
method is able to deal with structures subjected to dynamic loading directly by 
locating the high strain energy values and then use the values for optimization 
progress while ESLs method has to change the dynamic loadings into equivalent 
static loads to further optimize through linear static analysis.  
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Figure 6.2 Flowchart of the modified BESO method 
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6.4 Applications of the modified BESO Method 
The verification of the modified BESO method through examples is very crucial to 
ensure that the optimization process is capable to reach final optima (convergence). 
Various numerical examples are tried in order to prove the effectiveness of the 
proposed approach. All the examples exhibited in this chapter are solved with 
different dynamic loading patterns (frequency and amplitude). The results show that 
the final optimal solutions response to the dynamic loading more smoothly than the 
original designs during the history, with the peak mean compliances reduced.  
 
 
6.4.1 Two-dimensional Examples 
Various two dimensional cantilever examples are illustrated in this chapter to 
demonstrate the significance of BESO method when subjected to dynamic loading. 
The size of the cantilever is one by three and exhibits the same throughout all the 
two-dimensional examples. Table 6.1 shows the physical properties of the two-
dimensional examples demonstrated in this chapter. The total removal volume of 
fifty percent is standardized for all examples. The differences between all these 
examples are the dynamic loading pattern, different mesh sizes and different loading 
configurations on the structure. Figure 6.3 shows the design of the original full 
design domain for the cantilever.  
 
 
 
 
 
Figure 6.3 Size of the full design domain (1 by 3) 
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Table 6.1 Physical Properties of Two-dimensional Cantilever Examples 
PHYSICAL PROPERTIES 
Height 1 
Length 3 
In order to demonstrate that the BESO method satisfies the main objective of 
structural optimization aiming to minimize mean compliance with minimal strain 
energy, a comparison with an analyzed full design domain where the thickness 
designed based on the removal volume of the optimized design. To accurately 
compare both designs, only the thickness of the design is changed while the height 
and length is kept unchanged. An illustrative equation to obtain the thickness for the 
comparing design: 
 t =       (6.11) 
From the above equation, v denotes the designated volume of the design while a 
denotes the height and b denotes length of the design. Through this comparison, 
BESO method can illustrate its advantage in optimizing structure subjected to 
dynamic loading pattern. 
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6.4.1.1 Cantilever 1 
The cantilever is subjected to a dynamic loading as illustrated in Figure 6.4. The 
dynamic load is applied to the side of the cantilever and the loading lasted for one 
second. The parameters used in this optimization problem are illustrated in Table 6.2. 
 
 
 
 
 
Figure 6.4 Dynamic loading imposed on the structure 
 
MODEL SPECIFICATIONS 
Maximum Rejection Ratio 0.50 
Filter Radius 0.15 
Table 6.2 Model Specifications of the Design 
The final optimized solution is shown in Figure 6.5. Figure 6.6 illustrates the graph of 
strain energy versus time for the optimized design. 
 
 
 
 
Figure 6.5 Optimized design after fifty percent volume removal 
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Figure 6.6 Removal Volume versus Iteration Numbers 
Figure 6.6 shows the history of the removal volume versus the iteration numbers. 
The final optimal design is reached at iteration-46. The targeted removal volume is 
indicated as fifty percent. It is clearly seen from the graph that the removing of 
elements follow a steady up growth trend. 
 
 
 
 
Figure 6.7 Mean Compliance versus Iteration Numbers 
Figure 6.7 shows the history of the mean compliance (also known as performance 
index) versus the iteration numbers. From the graph, it is clearly seen that the 
optimization process has reached stabilization stage where the changes of the mean 
compliances are very steady. There is no vigorous or obvious change of mean 
compliance at the last several iterations which demonstrates a very good indication 
that the BESO method is a very stable topology optimization method and reached 
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the objective of the method; to gradually remove inefficient elements and adding 
elements to strengthen the structure. 
 
 
 
 
 
 
 
Figure 6.8 Strain Energy vs Time 
Figure 6.8 shows the graph of strain energy versus time for this example. From the 
strain energy-time graph, the pattern of the strain energy follows a sinusoidal 
pattern, as directed by the loading pattern on the structure. The noise noted from 
every peaks of the strain energy indicates the higher frequencies exhibited. The 
highest strain energy value signifies an approximate value of 0.48.  
A comparative design is then being analyzed to make comparison of the strain 
energy. As explained previously, the thickness of the original design is changed so 
that the total volume for both designs is the same. Figure 6.7 identifies the graph of 
the strain energy versus time for the comparing design. 
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Figure 6.9 Strain Energy vs Time for the comparing design 
Figure 6.9 demonstrates the graph of strain energy versus time for the comparing 
design. Based on the graph shown above, the highest strain energy signifies an 
approximate value of 0.63. By comparing both optimized design and the thickness-
reduced design, the highest strain energy for optimized design with BESO method is 
smaller than the strain energy for thickness-reduced design. This can further signifies 
that the final optimal solution responds to the dynamic loading more smoothly than 
the original design during the history, with the peak mean compliances significantly 
reduced. The evolutionary process of the design through BESO method is shown in 
Figure 6.10. 
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             (a)          (b) 
 
 
 
 
             (c)          (d) 
 
 
 
 
             (e)                       (f) 
Figure 6.10 The evolutionary process of the cantilever (a) initial design domain; (b) 
5
th
 iteration; (c) 10
th
 iteration; (d) 20
th
 iteration; (e) 40
th
 iteration; (f) 46
th
 iteration 
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6.4.1.2 Cantilever 2 
The cantilever in this example is subjected to the same loading pattern as shown in 
Figure 6.11. The mesh of this structure is designated to be one time finer that the 
previous design. The parameters used in this optimization problem are illustrated in 
Table 6.3. 
 
 
 
 
 
Figure 6.11 Dynamic loading imposed on structure 
MODEL SPECIFICATIONS 
Maximum Rejection Ratio 0.50 
Filter Radius 0.09 
Table 6.3 Model Specifications of the Design 
The final optimized solution is shown in Figure 6.12. Figure 6.15 illustrates the graph 
of strain energy versus time for the optimized design. 
 
 
 
 
Figure 6.12 Optimized design after fifty percent volume removal 
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Figure 6.13 Removal Volume versus Iteration Numbers 
Figure 6.13 shows the history of the removal volume versus the iteration numbers. 
The final optimal design is reached at iteration-103. The targeted removal volume is 
indicated as fifty percent. This graph shows that the final optimum design has the 
maximum volume removal of fifty percent from the initial design domain. 
 
 
 
 
 
 
Figure 6.14 Mean Compliance versus Iteration Numbers 
Figure 6.14 shows the history of the mean compliance (also known as performance 
index) versus the iteration numbers. From the graph, it is clearly seen that the 
optimization process has reached stabilization stage where the changes of the mean 
compliances are very steady. The vigorous fluctuations during the optimization 
process are acceptable. The most important criteria to identify that the design has 
reached optimum is that when there is no vigorous or obvious change of mean 
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compliance at the last several iterations which demonstrates a very good indication 
that the BESO method is a very stable topology optimization method and reached 
the objective of the method; to gradually remove inefficient elements and adding 
elements to strengthen the structure. 
 
 
 
 
 
 
 
Figure 6.15 Strain Energy vs Time 
Based on the above graph, the highest strain energy demonstrates an approximate 
value of 0.48. The noise noted from the graph is relatively visible due to the changes 
of frequencies at different time steps.  
A comparative design is then being analyzed to make comparison of the strain 
energy. Figure 6.16 identifies the graph of the strain energy versus time for the 
comparing design. 
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Figure 6.16 Strain Energy vs Time for the comparing design 
Based on the graph shown above, the highest strain energy signifies an approximate 
value of 0.62. By comparing both optimized design and the thickness-reduced design, 
the highest strain energy for optimized design with BESO method is smaller than the 
strain energy for thickness-reduced design. This example yields identical solution to 
the second example indicating BESO method is stable to deal with dynamic problem 
under any meshing property. The evolutionary process of the design through BESO 
method is shown in Figure 6.17. 
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   (a)     (b) 
 
 
 
 
   (c)     (d)  
 
 
 
 
   (e)     (f) 
Figure 6.17 The evolutionary process of the cantilever (a) initial design domain; (b) 
5
th
 iteration; (c) 10
th
 iteration; (d) 20
th
 iteration; (e) 40
th
 iteration; (f) 103
th 
iteration 
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6.4.1.3 Cantilever 3 
The cantilever is subjected to a dynamic loading pattern as shown in Figure 6.18. The 
load is applied to the side of the cantilever and the loading lasted for one second. 
The parameters used in this optimization problem are illustrated in Table 6.4. 
 
 
 
 
 
Figure 6.18 Dynamic loading imposed on structure 
MODEL SPECIFICATIONS 
Maximum Rejection Ratio 0.50 
Filter Radius 0.15 
Table 6.4 Model Specifications of the Design 
The final optimized solution is shown in Figure 6.19. Figure 6.22 illustrates the graph 
of strain energy versus time for the optimized design. 
 
 
 
 
 
Figure 6.19 Optimized design after fifty percent volume removal 
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Figure 6.20 Removal Volume versus Iteration Numbers 
Figure 6.20 shows the history of the removal volume versus the iteration numbers. 
The final optimal design is reached at iteration-46. The targeted removal volume is 
indicated as fifty percent. It is clearly seen from the graph that the removing of 
elements follow a steady up growth trend. 
 
 
 
 
 
 
Figure 6.21 Mean Compliance versus Iteration Numbers 
Figure 6.21 shows the history of the mean compliance (also known as performance 
index) versus the iteration numbers. From the graph, it is clearly seen that the 
optimization process has reached stabilization stage where the changes of the mean 
compliances are very steady. There is no vigorous or obvious change of mean 
compliance at the last several iterations which demonstrates a very good indication 
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that the BESO method is a very stable topology optimization method and reached 
the objective of the method; to gradually remove inefficient elements and adding 
elements to strengthen the structure. 
 
 
 
 
 
 
 
Figure 6.22 Strain Energy vs Time 
Based on the above graph, the highest strain energy demonstrates an approximate 
value of 0.49. The pattern of the strain energy shows non-uniform distribution due 
to the dynamic loading pattern. The noise noted from the graph is very visible 
because of the non-uniform loading distribution.  
A comparative design is then being analyzed to make comparison of the strain 
energy. The thickness of the original design is changed to half of the original 
thickness design to ensure the total volume for both designs is the same. Figure 6.23 
identifies the graph of the strain energy versus time for the comparing design. 
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Figure 6.23 Strain Energy vs Time for the comparing design 
Based on the graph shown above, the highest strain energy signifies an approximate 
value of 0.62. By comparing both optimized design and the thickness-reduced design, 
the highest strain energy for optimized design with BESO method is smaller than the 
strain energy for thickness-reduced design. It is a good indication showing that the 
BESO method is able to reduce the strain energy while still achieving the 
optimization objective to minimize the mean compliance. The evolutionary process 
of the design through BESO method is shown in Figure 6.24. 
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   (a)     (b) 
 
 
 
 
   (c)     (d) 
 
 
 
 
   (e)     (f) 
Figure 6.24 The evolutionary process of the cantilever (a) initial design domain; (b) 
5
th
 iteration; (c) 10
th
 iteration; (d) 20
th
 iteration; (e) 30
th
 iteration; (f) 46
th
 iteration 
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6.4.1.4 Cantilever 4 
The cantilever is subjected to two dynamic loadings as shown in Figure 6.25 and 
Figure 6.26. Both of the loading patterns are different and loading as illustrated in 
Figure 6.25 is placed on the side of the cantilever while loading pattern 
demonstrated in Figure 6.26 is placed on the middle of top surface. The parameters 
used in this optimization problem are illustrated in Table 6.5. 
 
 
 
 
 
Figure6.25 Dynamic loading placed on the side of cantilever 
 
 
 
 
 
Figure 6.26 Dynamic loading placed on the middle of top surface 
MODEL SPECIFICATIONS 
Maximum Rejection Ratio 0.50 
Filter Radius 0.05 
Table 6.5 Model Specifications of the Design 
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The final optimized solution is shown in Figure 6.27. Figure 6.30 illustrates the graph 
of strain energy versus time for the optimized design. 
 
 
 
 
 
Figure 6.27 Optimized design after fifty percent volume removal 
 
 
 
 
 
 
Figure 6.28 Removal Volume versus Iteration Numbers 
Figure 6.28 shows the history of the removal volume versus the iteration numbers. 
The final optimal design is reached at iteration-80. The targeted removal volume is 
indicated as fifty percent. It is clearly seen from the graph that the removing of 
elements follow a steady up growth trend. 
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Figure 6.29 Mean Compliance versus Iteration Numbers 
Figure 6.29 shows the history of the mean compliance (also known as performance 
index) versus the iteration numbers. From the graph, the last few iterations has no 
vigorous fluctuations and changes always sit on the same few values indicating that 
design has reached the objective of the function. it is clearly seen that the 
optimization process has reached stabilization stage where the changes of the mean 
compliances are very steady.  
 
Figure 6.30 Strain Energy vs Time 
Chapter 6 Topology Optimization under Transient Dynamic Loading 
 
 
132 
 
From Figure 6.30, the strain energy illustrates a non-uniform pattern due to the non-
uniform loading patterns apply onto it. The highest approximate strain energy value 
is 0.83.  
A comparative design is then being analyzed to make comparison of the strain 
energy. The thickness of the original design is changed to half of the original 
thickness design to ensure the total volume for both designs is the same. Figure 6.31 
identifies the graph of the strain energy versus time for the comparing design. 
Figure 6.31 Strain Energy vs Time for the comparing design 
 
As clearly seen from the above graph, the noise of the design is very noticeable 
comparing to the design optimized with BESO method. The optimal design responds 
to dynamic loading more smoothly than the comparing design during the history. 
The highest strain energy has an approximate value of 1.1. This example illustrates 
the effectiveness of BESO method when dealing with dynamic problems. The 
evolutionary process of the design through BESO method is shown in Figure 6.32. 
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   (a)     (b) 
 
 
 
 
   (c)     (d) 
 
 
 
 
   (e)     (f) 
Figure 6.32 The evolutionary process of the cantilever (a) initial design domain; (b) 
5
th
 iteration; (c) 10
th
 iteration; (d) 20
th
 iteration; (e) 70
th
 iteration; (f) 80
th
 iteration 
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6.4.2 Three-dimensional Examples 
Two three-dimensional examples optimized using BESO method are demonstrated in 
order to show that the BESO method is applicable to three-dimensional designs 
when subjected to dynamic loading. A rectangular cross-section thin-wall is being 
used for optimization. The physical properties are shown in Table 6.6. The targeted 
volume removal is set to fifty percent of the original design.  
PHYSICAL PROPERTIES 
Height 1 
Width 1 
Length 10 
Table 6.6 Physical Properties for Three-dimensional Examples 
 
 
6.4.2.1 Rectangular Cross-section Thin-walled 1 
The rectangular cross-section shell as shown in Figure 6.33 is subjected to a dynamic 
loading pattern as shown in Figure 6.34 to only one point at the middle of the 
structure. The loading time is set to be one second. The parameters used in this 
optimization problem are illustrated in Table 6.7. 
 
 
 
 
Figure 6.33 Rectangular cross-section shell 
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Figure 6.34 Dynamic loading pattern at the center point of structure 
 
MODEL SPECIFICATIONS 
Maximum Rejection Ratio 0.50 
Filter Radius 0.03 
Table 6.7 Model Specifications of the Design 
The final optimized solution is shown in Figure 6.35. Figure 6.38 illustrates the graph 
of strain energy versus time for the optimized design. 
 
 
 
 
Figure 6.35 Optimized design after fifty percent volume removal 
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Figure 6.36 Removal Volume versus Iteration Numbers 
Figure 6.36 shows the history of the removal volume versus the iteration numbers. 
The final optimal design is reached at iteration-100. The targeted removal volume is 
indicated as fifty percent. It is clearly seen from the graph that the removing of 
elements follow a steady up growth trend. 
 
 
 
 
 
 
Figure 6.37 Mean Compliance versus Iteration Numbers 
Figure 6.37 shows the history of the mean compliance (also known as performance 
index) versus the iteration numbers. From the graph, it is clearly seen that the 
optimization process has reached stabilization stage where the changes of the mean 
compliances are very steady. There is no vigorous or obvious change of mean 
compliance at the last several iterations which demonstrates a very good indication 
that the BESO method is a very stable topology optimization method and reached 
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the objective of the method; to gradually remove inefficient elements and adding 
elements to strengthen the structure. 
 
 
 
 
Figure 6.38 Strain Energy vs Time 
From Figure 6.38, the highest approximate strain energy has an approximate value of 
value is 2.4. The optimized design is symmetrical due to the loading applied to the 
center of the structure.  
A comparative design is then being analyzed to make comparison of the strain 
energy. The thickness of the original design is changed to half of the original 
thickness design to ensure the total volume for both designs is the same. Figure 6.39 
identifies the graph of the strain energy versus time for the comparing design. 
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Figure 6.39 Strain Energy vs Time for the comparing design 
As clearly seen from the above graph, the highest strain energy has an approximate 
value of 6.2. The highest strain value when comparing to the optimized design using 
BESO method is obviously louder. This shows the significance of BESO method to 
optimize structure with lower strain energy value while still achieving the objective 
of optimization. The evolutionary process of the design through BESO method is 
shown in Figure 6.40. 
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   (a)          (b) 
 
 
 
   (c)          (d) 
 
 
 
   (e)          (f) 
 
 
 
                                        
(g)                                                                  (h)     
Figure 6.40 The evolutionary process of the cantilever (a) initial design domain; (b) 
5
th
 iteration; (c) 10
th
 iteration; (d) 20
th
 iteration; (e) 100
th
 iteration; (f) 200
th
 
iteration 
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6.4.2.2 Rectangular Cross-section Thin-walled 2 
The rectangular cross-section shell is identical to the one as shown in Figure 6.33. It 
is subjected to a dynamic loading pattern as shown in Figure 6.34 to a small 
rectangle area in the middle of the structure. The loading time is set to be one 
second. The parameters used in this optimization problem are illustrated in Table 6.8. 
MODEL SPECIFICATIONS 
Maximum Rejection Ratio 0.50 
Filter Radius 0.0075 
Table 6.8 Model Specifications of the Design 
The final optimized solution is shown in Figure 6.41. Figure 6.44 illustrates the graph 
of strain energy versus time for the optimized design. 
 
 
 
 
Figure 6.41 Optimized design after fifty percent volume removal 
 
 
 
 
Figure 6.42 Removal Volume versus Iteration Numbers 
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Figure 6.42 shows the history of the removal volume versus the iteration numbers. 
The final optimal design is reached at iteration-59. The targeted removal volume is 
indicated as fifty percent. It is clearly seen from the graph that the removing of 
elements follow a steady up growth trend. 
 
 
 
 
 
 
Figure 6.43 Mean Compliance versus Iteration Numbers 
Figure 6.43 shows the history of the mean compliance (also known as performance 
index) versus the iteration numbers. From the graph, it is clearly seen that the 
optimization process has reached stabilization stage where the changes of the mean 
compliances are very steady. 
 
 
 
 
 
 
 
 
Figure 6.44 Strain Energy vs Time 
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From Figure 6.44, the highest approximate strain energy has an approximate value of 
value is 14. The optimized design is symmetrical due to the loading applied to the 
center of the structure.  
A comparative design is then being analyzed to make comparison of the strain 
energy. The thickness of the original design is changed to half of the original 
thickness design to ensure the total volume for both designs is the same. Figure 6.45 
identifies the graph of the strain energy versus time for the comparing design. 
 
 
 
 
 
Figure 6.45 Strain Energy vs Time for the comparing design 
As clearly seen from the above graph, the highest strain energy has an approximate 
value of 18. The highest strain energy value exhibits on the above graph is higher 
than the strain energy output from the optimized design using BESO method. It is a 
good indication that the BESO method is able to reduce the peak mean compliance. 
The evolutionary process of the design through BESO method is shown in Figure 6.46. 
 
 
 
 
Chapter 6 Topology Optimization under Transient Dynamic Loading 
 
 
143 
 
 
 
 
 
 
                                        (a)        (b)   
          
 
 
 
                                        (c)         (d) 
 
 
 
 
 (e)          (f) 
Figure 6.46 The evolutionary process of the cantilever (a) initial design domain; (b) 
5
th
 iteration; (c) 10
th
 iteration; (d) 20
th
 iteration; (e) 30
th
 iteration; (f) 46
th
 iteration 
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6.5 Discussion 
All the examples demonstrated above are optimized using the modified BESO 
method and compared to the original designs. They all exhibit potential 
improvement in term of strain energy value; the optimized design using BESO 
method illustrated lower strain energy value. For the two-dimensional examples, the 
structure deformed asymmetrically may be due to the asymmetric distribution of 
strain energies during the process of dynamic loading acting on the structure. 
However, they all satisfied the objective of the topology optimization that is to 
minimize the mean compliance. 
 
 
6.6 Conclusion 
Structures are frequently subjected to transient dynamic loading and the existing 
BESO method needs to be further developed where extensions are proposed to deal 
with problems associate with dynamic loadings. The extended BESO method is a new 
method for dynamic loading problems and is different from the Equivalent Static 
Load (ESL) method. The results obtained from this chapter where all the examples 
are subjected to a dynamic loading and optimized using the modified BESO method 
show that the final solutions respond to the dynamic loading more smoothly than 
the original designs during the history, where the peak mean compliances are 
significantly reduced. The final optimal solutions also exhibit improvements in term 
of strain energy values. This could further lead to the possibility of using BESO 
technique in automobile industry where the structure can be designed through this 
optimization method to create higher performance (better crashing energy 
absorption) and thus, increase the safety of vehicle. 
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Chapter 7 
 
CONCLUSION 
 
 
7.1 Summary and Discussion 
This thesis investigates various applications of the bi-directional evolutionary 
structural optimization (BESO) technique and then extends the technique to 
structural optimization problems with transient dynamic loading. Although shape 
and topology optimization of static problems using BESO has been extensively 
explored previously there is very limited research on topology optimization of 
transient dynamic problems. Various applications are established in this thesis to 
demonstrate the effectiveness of the BESO method for different structural systems. 
This chapter presents a consolidation of knowledge arising from the work reported 
herein.  
The ESO method follows a logical procedure to reduce the structural weight (or 
volume) by gradually removing material until the optimum is reached, in which the 
material usage under prescribed constraints could be minimized (Xie and Steven 
1993). The original ESO method is unable to recover the deleted elements back into 
the design. A more reliable method BESO was then developed where it allows 
material to be removed and added simultaneously (Huang and Xie 2010). The 
sensitivity numbers of the void elements are estimated through a linear 
extrapolation of the displacement field after the finite element analysis, where solid 
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elements with the lowest sensitivity numbers are removed from the structure and 
void elements with highest sensitivity numbers are converted into solid elements 
(Huang and Xie 2010). A BESO filter scheme is introduced to overcome the mesh-
dependencies problems. By adopting this simple technique, many numerical 
problems in topology optimization, such as checkerboard and mesh-dependency, 
can be effectively overcome (Huang and Xie 2010). Meanwhile, by averaging the 
sensitivity number with its historical information, non-convergence problems can be 
solved effectively. 
For structures subjected to static loadings, stiffness optimization is employed to 
diverse applications of periodic structures. Four different types of periodicity modes 
are introduced which include translational periodicity, circular periodicity, symmetry 
periodicity and periodicity offset. A good practice of application for the bi-directional 
evolutionary structural optimization techniques is demonstrated in a proposed 
footbridge carried out by the author and BKK Architects that was commissioned to 
design a series of pedestrian bridges for a major metropolitan freeway in Australia. 
Several optimal designs with different configurations have been obtained and 
discussed. A demonstrative optimized circular twisted cross-section design is also 
cast in the laboratory. The prototype built based on the optimum design obtained 
through stiffness optimization demonstrated that structures subjected to static 
loading can be effectively solved. It represents the feasible application of stiffness 
optimization in structural design and that the fabrication is possible. 
The relationship between bi-directional evolutionary structural optimization designs 
and structures in natural habitats is also demonstrated, focusing on the optimization 
of a structure inspired by deep-sea sponge. The resemblance between the deep-sea 
sponge structure and the optimized solution demonstrates the ability of the BESO 
method to optimize any kinds of structural systems.  
This thesis takes on the challenging task of extending the current BESO technique to 
the topology optimization problems of structures under transient dynamic loading. 
Structures are frequently subjected to transient dynamic loading and the existing 
BESO method needs to be further developed where extensions are proposed to deal 
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with problems associate with dynamic loadings. The extended BESO developed by 
the author is a new method for dynamic loading problems and is different from the 
Equivalent Static Load (ESL) method. Various numerical examples are attempted to 
prove the effectiveness of the modified approach. The proposed approach adopts 
the following procedure. Firstly, a prescribed number of strain energy peaks in the 
history loading are selected for optimization. Secondly, the total energy of the 
selected strain energy peaks is calculated and the optimization is performed based 
on the external energies. This is to ensure the structure would achieve its stiffest 
design against the worst scenarios in the loading history, without having to consider 
every time-step of the transient analysis which would be prohibitively expensive 
computationally. In essence, it aims to demonstrate the extended BESO method is 
capable of achieving more efficient structural systems when subjected to dynamic 
problems. This could further lead to the possibility of using BESO technique in 
automobile industry where the structure can be designed to achieve higher 
performance (better crash energy absorption) and thus, increase the safety of the 
vehicle.  
 
 
7.2 Achievements 
This research project has contributed to the fields of applications of bi-directional 
evolutionary structural optimization (BESO) approach and extended the study of 
topology optimization to structures subjected to transient dynamic loadings. The 
following achievements are highlighted as the outcome of this master thesis.  
1. The stiffness optimization of periodic structures with static loading has been 
successfully implemented. The footbridges are modeled based on the 
detailed specifications provided. BESO method is utilized to perform the 
evolutionary optimization process to obtain the best possible optimal results. 
The optimized footbridge in the form of a perforated tube is created with 
different cross-sectional configurations such as rectangular section and 
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circular section. Different boundary conditions are applied to the design and 
result in different optimal design. This is due to the movement restrictions 
that resulted in different stress distribution when different boundary 
conditions are applied.  
2. A prototype footbridge has been fabricated based on the optimal solution 
generated from the stiffness optimization. The casting of the prototype is to 
demonstrate the applicability of stiffness optimization and the prototype 
built definitely illustrates the potential of using BESO method in any kind of 
structural systems.  
3. The resemblance of natural deep-sea sponge structure and BESO 
optimization solutions has been investigated and discussed. Various loading 
conditions are considered to create the deep-sea sponge inspired models. 
These loadings included twisting, bending, pressure and point loading. 
Optimal results obtained from BESO showed remarkable resemblance with 
real deep-sea sponge.  
4. The stiffness optimization of structures has been extended to situations 
under transient dynamic loading. Several two-dimensional and three-
dimensional numerical examples are attempted using the proposed method. 
The examples are subjected to dynamic loading and optimized using the 
modified BESO method. The results show that the final solutions respond to 
the dynamic loading more smoothly than the original designs during the 
history, where the peak mean compliances are significantly reduced. In order 
to demonstrate that the BESO method satisfies the main objective of mean 
compliance minimization, the optimal designs are compared with initial 
designs of equivalent volume. The final optimal solutions exhibit significant 
improvements in terms of strain energy values.  
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7.3 Recommendations for Further Research 
Through extensive research of this thesis, the original research aims have been 
achieved. However, the studies on applications of bi-directional evolutionary 
structural optimization and related topics can be carried out to widen the current 
scope and refine the numerical algorithms. The following topics are recommended 
for future investigation: 
1. Study of engineering designs that implement more-detailed bio-structural 
features from natural materials such as deep-sea sponges and human bones. 
2. Topology optimization for dynamic problems under multiple objectives and 
constraints. This may include structural performances such as stress, 
displacement and strength. 
3. A detailed study on crashworthiness of vehicles considering dynamic loadings. 
This study may consider both material non-linearity and geometrical non-
linearity due to large deformation caused by external dynamic impact. 
 
 
 
